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Abstract. We describe a general renormalization procedure for germs of holomor- 
phic (or even formal) self-maps, producing a formal normal form simpler than the classical 
Poincare-Dulac normal form. As an example of application of our method we provide a 
complete list of normal forms for quadratic bi-dimensional superattracting germs, that 
could not be simplified using the classical Poincare-Dulac normalization only. Finally, we 
also discuss a few examples of renormalization of germs tangent to the identity, revealing 
interesting second-order resonance phenomena. 

0. Introduction 

In the study of a class of holomorphic dynamical systems, an important goal often is the clas- 
sification under topological, holomorphic or formal conjugation. In particular, for each dynamical 
system in the class one would like to have a definite way of choosing a (hopefully simpler, possibly 
unique) representative in the same conjugacy class; a normal form of the original dynamical system. 

The most famous kind of normal form for local holomorphic dynamical systems (i.e., germs of 
holomorphic vector fields at a singular point, or germs of holomorphic self-maps with a fixed point) 
is the Poincare-Dulac normal form with respect to formal conjugation, introduced at the end of the 
nineteenth century. Let us recall very quickly its definition, at least in the setting we are interested 
here, that is of germs of self-maps with a fixed point, that we can assume to be the origin in C". 
Moreover, since we are discussing formal normal forms, we shall work with formal transformations 
of C", that is n-tuples of power series, without discussing here convergence issues. 

So let F G O"' be a formal transformation in n complex variables, where O" denotes the space 
of n-tuples of power series in n variables fixing the origin (that is, with vanishing constant term), 
and let A denote the (not necessarily invertible) linear term of F. For simplicity, given a linear map 
A G M„^„(C) we shall denote by OJJ the set of formal transformations in with A as linear part. 
If Ai, . . . , A„, are the eigenvalues of A, we shall say that a multi-index Q = (gi, . . . , g„) G N" with 
qi + ■ ■ ■ + Qn > 2 is A-resonant if there is j G {1, . . . , n} such that A^^ • • • A^" = Xj. If this happens, 
we shall say that the monomial zf^ ■ ■ ■ z'^Cj is A-resouaiit, where {ei, . . . , e„} is the canonical basis 
of C". Then (for a proof see, e.g., [Ar]): 

Theorem 0.1: (Poincare 1893, Dulac 1904) Let F G 0\ he a formal transformation in n complex 
variables Rxing the origin, with A in Jordan normal form. Then there exists an invertible formal 
transformation <^ G O" with identity linear part such that G = oFo^ contains only A-resonant 
monomials. 
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The formal transformation G is a Poincare-Dulac normal form of F] notice that, since $ G Of, 
the Hnear part of G is still A. More generally, we shall say that a G G is in Poincare-Dulac 
normal form if G contains only A-resonant monomials. 

The importance of this result cannot be underestimated, and it has been applied uncountably 
many times; however it has some limitations. For instance, if A = O or A = I then all monomials 
are resonant; and thus in these cases the Poincare-Dulac normal form reduces to the original map. 
More generally, as we shall try and explain below, even when the Poincare-Dulac normal form is a 
simplification of the original germ, it is still possible to further simplify the germ (to renormalize it) 
by applying invertible transformations preserving the property of being in Poincare-Dulac normal 
form. 

This idea of renormalizing Poincare-Dulac normal forms is not new in the context of vector 
fields, where it also has been studied the concept of hypernormal forms, obtained (roughly speaking) 
by renormalizing infinitely many times; see, e.g., [AFGG, B, BS, G, KOW, LS, Mul, Mu2] and 
references therein. On the other hand, this idea has not yet been fully exploited in the context of 
self-maps (one of the few exceptions is [ATI], where it is applied to a particular class of self-maps 
with identity linear part). The aim of this paper is to describe in general the renormalization 
procedure for formal transformations in several complex variables, following the general ideas (but 
with significantly different details) of the vector field case. We shall then apply this procedure to 
the case of superattracting (i.e., with A = O) 2-dimensional formal transformations, case that has 
no analogue in the vector field setting. We shall also discuss a few interesting examples with A = /, 
in particularly showing the appearance of second-order resonance phenomena. 

We conclude this introduction by roughly describing the renormalization procedure. To explain 
it better, let us first recast the Poincare-Dulac normalization in slightly different terms (see also 
[Rii]). For each > 2 let T-L'^ denote the space of n-tuples of homogeneous polynomials in n variables 
of degree v. Then every F G O'jl admits a homogeneous expansion 

F = A + Y,Fu , 

where Fi, G T-L'^ is the v -homogeneous term of F. We shall also use the notation {G}^ to denote 
the i/-homogeneous term of a formal transformation G. 
If 

is the homogeneous expansion of an invertible formal transformation $ G Of, then it turns out 
that there exists a linear operator L\:0"' O", given by 

La{H) = HoA-AH, 

sending each into itself and such that 

{$-1 o F o = - La{H^) + K 

for all v > 2, where Ri, is a remainder term depending only on Fp and with p, a < u. This 
suggests to consider for each ly >2 splittings of the form 



n'' = IhiLaI^- eX" and H'' = KerLAl^- © M" 
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where and arc suitable complementary subspaces. Then, arguing by induction (see Propo- 
sition 2.4), for each > 2 it is possible to find a unique G such that 

{$-1 o F o = - Lf,{H,) + R,eAf ; (0.1) 

we can then say that G = $~^oFo$ is in first order normal form with respect to the given choice 
of complementary subspaces. 

When A is diagonal, KerLA is generated by the resonant monomials, and ImLA is generated 
by the non-resonant monomials; in particular, for each v >2 we have the splitting 

H'^ = Im La Ih" ©KerLA l-H- . 

Thus taking A/"^ = KcrLAlH" = Ihi-^aI'H'' we see that the classical Poincare-Dulac normal 

form coincides with the first order normal form with respect to these complementary subspaces 
(when A has a nilpotent part the situation is only slightly more complicated; see Section 2 for 
details) . 

A consequence of (0.1) is that if H,y G KerLA then {$~^ o F o does not depend on H,^; 
however, H„ does affect the remainder terms Rp with p> v. In other words, we can use the terms 
H„ G KerLA with a < to simplify the remainder term Ri,. 

More precisely, if we take F is in first order normal form, that is 

= A + ^ 

with F^ G for all z/ > /x (and F^^^O), and take ^> G such that G KerLA for all v>2, 
it turns out that there is an operator Lp^^K'-O'^ — > sending each yy-t^-^'^ in such that 

{$-1 o F o = F, - Lj^^,A(i?.-M+i) + K 

for all V > ji, where i?^ is a remainder term depending only on Fp with p < u and on iJo- with 
a < V — p -\- 1 (see Theorem 2.3 for a more complete formula valid without assumptions on F 
and $). The operator L^^ a is given by 

Lp^,dH) = ((Jaci?) o A) ■ F^ - (JacF^) ■ H ; 

notice that, contrarily to La, the operator Lf^,a is diflFerent from the operators appearing in the 
renormalization or hyper normalization of singular vector fields, and thus it has to be studied on its 
own. 

If the subspaces Af^ are chosen (as will be in our case when A is diagonalizable) so that 

Li.^,A(Ker La n C M"" (0.2) 

for aW u > p (notice that this condition is particularly easy to state if = KerLA H "H"^), then 
R'^ G for all V > p. Therefore we can argue as before: putting, for simplicity, 1-L\ = Ker L^CiTi'^, 
if we choose splittings 

= ImLp aL— --+1 ^-^^ 

and 

^ KerLF^,A|-^-M+i © M^'^^^ 
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then arguing again by induction for each > /x it is possible to find a unique i^j^-^+i G M.'^~>^~^^ 
such that 

{$-1 o F o = - Lp^^AiH.-^+i) + KgM'' . 

We shall then say that G = $~^oFo$isin renormalized (or second order) Poincare-Dulac normal 
form, with respect to the chosen complementary subspaces. 

We are left with saying how to choose the complementary subspaces. In this paper, we shall 
use the orthogonal subspaces with respect to the Fischer Hermitian product, defined by 



' ii h ^ k or pj ^ Qj for some j; 



\i h = K and pj = qj for all j . 



. (pi H hp„)! 

The reason of this choice is that, as we shall see in Sections 3 and 4, it will substantially simplify 
the expression of the renormalized Poincarc-Dulac normal forms. In particular, when A = O and 
n = 2, it turns out that, except in a few degenerate cases, the renormalized Poincare-Dulac normal 
forms depend on two power series of one variable only. 

1. Homogeneous maps 

In this section we shall collect a few results on homogeneous polynomials and maps we shall need 
later. 

Definition 1.1: We shall denote by = {Cd[z\Y the space of homogenous maps of degree 
d, i.e., of n-tuples of homogeneous polynomials of degree d > 1 in the variables (^i, . . . , It 
is well known (see, e.g., [Car, pp. 79-88]) that to each P € 'H'^ is associated a unique symmetric 
multilinear map P: {C^Y such that 

Piz) = P{z,...,z) 
for all z G C". Notice that 6" = IT we set ^ = n 

d>l d>2 

Roughly speaking, the symmetric multilinear map associated to a homogeneous map H encodes 

the derivatives of H. For instance, we have 

Lemma 1.1: If H & T-U^ we have 

{Jac H){z) ■ V = dH{v, z,. . . ,z) 

for all z,veC. 

Proof : For j = 1, . . . ,n and z G C"" we have 

Hjz + hej) - Hjz) ^ H{z + he„...,z + hej) - H{z, ...,.) ^ ^^^^^^^^ _ ^ ^ ^^^^ 

where ej is the j-th vector of the canonical basis of C". Therefore f^(-z) = dH{ej, z,. . . ,z) and 

{JacH){z) ■ V = — — iz)vj = d^^H{ej, z, . . . ,z)vj = dH{v,z, ■ ■ ■ ,z) . 



■ 1 ■ 1 

j=i J j=i 



□ 
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Later on we shall need to compute the multilinear map associated to a homogeneous map 
obtained as a composition. The formula we are interested in is contained in the next lemma. 

Lemma 1.2: Assume that P € T-L'^ is of the form 

P{z) = k{HdAz),...,HaAz)) , 
where K is r-multihnear, di + ■ ■ ■ + dr = d, and H^i- G "H*^^ for j = 1, . . . , r. Then 

1 , 

P{v, w,... ,w) = - ^ djk{Hd^ {w),...,Hd^{v,w,...,w),..., Hd, {w)) 
i=i 

for all v,weC^. 

Proof: Write z = w + ev. Then 

P{w) + deP{v, w,... ,w) + O(e^) 

= P{w + ev) = K(Hd^{w + ev,...,w + ev), . . . ,Hd^{w + ev, . . . ,w + ev)) 

r 

= k{Hd, {w), Hd^w)) + e J2djk{Hd, {w), . . . , Hdj{v,w, . . . ,w), . . . , Hd^ {w)) + 0{e^) , 

and we are done. □ 

Definition 1.2: Given a linear map A G M„^„(C), we define a linear operator L\: H ^Hhy 
setting 

LAiH) = HoA-AH. 

We shall say that a homogeneous map H G T-L"^ is A-resonant if L\{H) = O, and we shall denote 
by = Ker La fl H'^ the subspace of A-resonant homogeneous maps of degree d. Finally, we set 

Ha = n Hi- 

d>2 

When A is diagonal, then the A-resonant monomials are exactly the resonant monomials ap- 
pearing in the classical Poincare-Dulac theory. 

Definition 1.3: If Q = {qi,---,qn) G N" is a multi-index and z = G C", we 

shall put z*^ = zf" ■■■ z^. Given A = diag(Ai, . . . , A„) G M„,„(C), we shah say that Q G with 
Qi + ■ ■ ■ + <ln ^ 2 is A-resonant on the j-th coordinate if A*^^ • • • A^" = Xj . We shall denote by 
ReSj (A) the set of multi-indices A-resonant on the j-th coordinate. 

Remark 1.1: If A = diag(Ai, . . . , A„) G M„^„(C) is diagonal, and z'^ej G H'^ is a homogeneous 

monomial (with gi -| \-qn = d), then (identifying the matrix A with the vector, still denoted by 

A, of its diagonal entries) we have 

LA(zOe,) = (A'3-A,)z«e, . 

Therefore z'^cj is A-resonant if and only if Q is A-resonant in the j-th coordinate, that is if and only 
if Q G ReSj(A). In particular, a basis of "Ha is given by z^ej with Q G ReSj(A) and qi + - ■ ■ + qn = d, 
and we have 

for all d>2. 

It is possible to detect the A-resonance by using the associated multilinear map: 
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Lemma 1.3: If A G M„^„(C) and H G T-L'^ then H is A-resonant if and only if 

H{Avi,...,Avd) = AH{vi,...,va) (1.1) 

for all vi, . . . ,Vd & C"' . In particular, if H € "H^ then 

((Jac if) o A) • A = A • (Jac H) . (1.2) 

Proof: One direction is trivial. Conversely, assume H € Tif^. By definition, H is A-resonant if and 
only if H(Aw, . . . , Aw) = AH{w, . . . ,w) for all w € C". Put w = z + evi; then 

H{Az, ...,Az) + edH{Avi,Az, ...,Az) + O(e^) = H{A{z + evi), ...,A{z + evi)) 

= AH{z + efi, . . . , z + ewi) 
= AH{z, ...,z)+ £dAH(vi ,z,...,z) + 0{e^) , 

and thus 

H{Avi,Az,...,Az) = AH{vi,z,...,z) ; (1.3) 

in particular (1.2) is a consequence of Lemma 1.1. 
Now put z = zi + ev2 in (1.3). We get 

H{Avi,Azi, . . . ,Azi) + e{d - l)^(At>i, At>2, Azi, . . . ,Azi) + 0{e^) 
= H{Avi,A{zi +£V2),.. .,A{zi +ev2)) 
= AH{vi,zi + ev2, . . . ,zi + ev2) 

= AHivi,zi, ...,zi) + e{d- l)AH{vi,V2,z, ...,z) + 0{e^) , 

and hence 

H{Avi,Av2,Azi,. . .,Azi) = AH{vi,V2,zi, ...,zi) 

for all vi, V2, z\ G C*. Proceeding in this way we get (1.1). □ 

As we shall see in the next section, the operator La appears in the usual Poincare-Dulac 
normalization; for the renormalization we shall need a different operator, that we now introduce. 

Definition 1.4: Given P G and A G M„,„(C), let Lp^.W^ y^d+n-i gi^g^ 

Lp,a{H){z) = dH{P{z),Az, . . . , Az) - fiP{H{z),z, ...,z) . 
Remark 1.2: Lemma 1.1 implies that 

dH{P{z),Az,...,Az) = {JacH){Az) ■ P{z) . 

Therefore 

Lp^a{H) = ((Jac H)oA)-P- (Jac P) ■ H . 
In particular, when A = O we have 

Lp,oiH) = -{Js^P)-H . 
Remark 1.3: If we take /x = 1 and P = A we find 

LkAH) = dH{A, . . . ,A) - AH = {d - 1)H o A + La{H) ; 
in particular, La^a ^ L\. 

As mentioned in the introduction, for our machinery to work is important that the operator 
L p^A sends the kernel of L\ into itself. This is the last result of this section: 
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Corollary 1.4: Take A G M„,„(C) and P eW^. Then Lp^K{ni) C U'^^^''^ for alld>2. 
Proof: Using Lemma 1.3 and the definition of Lp,A, ii H e T-tj^ we get 



2. Renormalization 

The aim of this section is to describe a procedure associating a renormalized formal Poincare-Dulac 
normal form to any germ of holomorphic (or even formal) self-map of C" fixing the origin. This 
is particularly interesting in the case of germs superattracting (i.e., with vanishing linear part) or 
tangent to the identity (i.e., with identity linear part), because in those cases all monomials are 
resonant and so the usual Poincare-Dulac procedure just gives back the original germ. 

The idea is the following. Studying the classical proof (see, e.g., [Ar] , [Rl, 2] and Proposition 2.4 
below) of the standard Poincare-Dulac normalization of a germ it is clear that we find a unique 
formal germ ^ tangent to the identity and containing only nonresonant monomials such that 
Fi = o i*" o ^' is in Poincare-Dulac normal form, that is contains only resonant monomials. 
Choosing suitable positive definite Hermitian products on the spaces of homogeneous polynomial 
maps, we shall then be able to determine a unique formal germ $ tangent to the identity and 
containing only resonant monomials such that o o $ is (in a precise sense) a renormalized 
Poincare-Dulac normal form of F. 

Let us fix a few definitions and notations. 

Definition 2.1: We shall denote by the space of n-tuples of formal power series with 
vanishing constant term. Furthermore, given A G M„_„(C) we shall denote by the subset 
of F G (5" with dFo = A. 

Definition 2.2: Every F G can be written in a unique way as a formal sum 



with Fd G Ti'^; (2.1) is the homogeneous expansion of F, and F^ is the d-homogeneous term of F. 
We shall often write {F}^ for F^- In particular, if F G then {F}i = A. 

The homogeneous terms behave in a predictable way with respect to composition and inverse: 



Lp^a{H){Az) 



dH{P{Az),A^z, A^z) - fiP{H{Az),Az, 
dH{AP{z),A^z, A^z) - i2P{AH{z),Az, . . . , 
dAH{P{z),Az, ...,Az) - hAP{H{z),z, ...,z) 
ALp^^{H){z) . 



Az) 
Az) 



□ 




(2.1) 



Lemma 2.1: Taice F, G ^ O, 



in 



and let F 



E Fd and G 



E Gd be their homogeneous 

d>l 



expansions. Then 



{FoGU 



Fr{Gdi, ■ ■ ■ iGd^) 



l<r<d 
dl-\- • • •-^-dr = d 



for all d>l. 



Proof: See, e.g., [LS, Lemma A.4]. 



□ 
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Lemma 2.2: Take $ G Of with homogeneous expansion $ = / + ^ Ha, for some S >2, and let 

d>S 

= I + be the homogeneous expansion of the inverse. Then 

d>2 

Kd = -Ha- Kr{Hd„...,Hd^) (2.2) 

2<r<d-l 
d-^-\ — ■-\-dr = d 

for all d>2. In particular, = —H^, and = O for d = 2, . . . ,5 — 1. Furthermore, if H2, . . . , 
are K-resonant for some A G M„^„(C) then also is. 

Proof: Lemma 2.1 yields 

kr{Ha,,...,Ha^) = {^-^o^}a = (2.3) 

l<r<d 
d\-\ — ■-\-dr = d 

for all d>2. Now, when r = 1 we necessarily have di = d, and so Ki{Hd) = because Ki = I. 
Analogously, when r = d wc necessarily have di = ■ ■ ■ = dr = I, and so Kd{Hi, . . . ,Hi) = 
because Hi = I. Therefore (2.3) becomes 



2<r<d—l 
di^ \-dr = d 



and (2.2) follows. In particular, if 2 < d < (5 in the sum in (2.2) we have 2 < dj < 5 (and hence 
Hdj = O) for at least one j = 1, . . . , r; thus K^, = —H^ for 2 < d < 6, as claimed. 

Finally, to prove the last assertion we argue by induction. Assume that H2,...,Hd are A- 
resonant. If d = 5 then Ks = —Hs and thus Ks is clearly A- resonant. Assume the assertion true 
for c? — 1; in particular, Ks, . . . , K^-i are A-resonant. Then 

KaoA = -HdoA- Y Kr{Ha,ok,...,Ha^oA) 

1<T<d-l 
d\-\ \-dj' = d 

= AHd- Y Kr{hHa, AiJdJ = AK^ 

2<r<d-l 
di H \-dr = d 

because K2, . . . , Kd-i arc A-rcsonant (and we are using Lemma 1.3). □ 

Definition 2.3: Given A G M„,„(C), we shall say that F G 6" is A-resonant if F o A = AF. 

Clearly, F is A-resonant if and only if {F}ci G "H^ for all d G N. 

The main technical result of this section is the following: 
Theorem 2.3: Given F G Oq, let F = A+ J2 F^ be its homogeneous expansion, with F^ ^ O. 

d>fj. 

Then for every $ G Of with homogeneous expansion <t = I + and every u>2 we have 

d>2 

{$-1 o F o = F, - Li,{H,) - Lf^,a{H.-^+i) + + , (2.4) 

where Q^, depends only on A and on Hj with ^ < v, while R^, depends only on Fp with p <v and 
on Hj with 7 < — + 1, and we put Lp^^x{Hx) = O. Furthermore, we have: 
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(i) if H2, . . . , H^-i G Ha then = O; in particular, if $ is A-resonant then La{H^) = = O 

for all V > 2; 

(ii) if $ is A-resonant then {$~^ o F o = O for 2 < u < fi, {<5"^ o F o = F^, and 

{$-1 o F o = F^+, - Lf^,a{H2) ; 

(iii) if F = A then = O for all v > 2; 

(iv) if F2,. . . , F^-i and H2,. . . , H^,-^ are A-resonant then R^, is A-resonant. 
Proof: Using twice Lemma 2.1 we get 

{$-ioFo$},= Ks{{Fo^},^,...,{Fo^},J 

1<S<1/ 

i/^H 

= X] (Fr^ [Hdi^ ,Hd^^^ ),... ,Fr^ (Hd,! ,Hd,,^ )) 

l<s<i/ l<T-i<i/i l<rs<i/s 
i/jH |-i^s=i^ dj^j-l htilr^=''l ''slH h<isrs="^s 

= T, + 5i(z/) + ^5,(i.) , 
where = I + i^d is the homogeneous expansion of and: 

d>2 

(1) T^= Yl K,{AH,^,...,AH,J 

1<S<1/ 

1^1 H \-^s=^ 

is obtained considering only the terms with ri = . . . = rg = 1; 

(2) Si(z/)= ^ Fr{Hd,,...,Hd^ 

1 H |-d7- = i/ 

contains the terms with s = 1 and ri > 1; and 
(3) 

^«M= EE E MFrAHd,,,...,Hd,J,...,Fr^{Hd^,,...,Hd^J) 

Vi-\ \-Vs=l' l<r-l<i'l dllH l-dlT.i=''l 



maxlrj^ } >/j 

contains the terms with fixed s > 2 and at least one rj greater than 1 (and thus greater than or 
equal to because F2 = ■ ■ ■ = F^^i = O by assumption). 

Let us first study T^. The summand corresponding to s = 1 is AH^,; the summand correspond- 
ing io s = V \s Ki, o A; therefore 

n = AH, + K,oA+ K,{AH^^ AH, J = -La{H,) + Q. , 

2<s<i^-l 
i^lH h 1^5=1^ 

where, using Lemma 2.2 to express K^,, 

Q.= E [^-(^^-1 ' • • • ' ^H^s ) - Ks{H,, oA,...H,^oA) 

2<s<u-l 
"^iH \-Vs=^ 
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depends only on A and with 7 < z/ because 2<s<i/ — lin the sum. In particular, if 
Hi, ... , H^-i G then = O, and (i) is proved. 

Now let us study Si{iy). First of all, we clearly have S'i(i^) = O for 2 < < and Si{n) = F^. 
When v > we can write 



H < r < - 1 

fi + l<r<i'-l 
di -t \-dr = h' 



dlH \-df_i—L' 

1 < max {ti„}<L' — + 1 



in particular, S'i(/i + 1) = -F^^+i + /xF^(i?2, ■■■,!)■ Notice that the two remaining sums depend 
only on Fp with p < u and on iJ^ with j < 1/ — n + l {in the first sum is clear; for the second one, if 
dj > v — fi + 1 for some j we then would have di + - ■ ■ + dr > z^ — /x + l + r— 1 > v + l, impossible). 
Summing up we have 



O 

F^+i+fiF,,{H2,I,...,I) 



{F, + HF^{H, 



for 2 < z/ < /X, 

for V = ji, 
ioT V = ^ + \, 
J,...,I)+Rl fori/ >// + !, 



where 



l<max{dj- }<fy — + 1 c^lH hc^r — 



depends only on Fp with p < v and on //-^ with 7 < z/ — ^ + 1. 

Let us now discuss Ssii') for s > 2. First of all, the condition max{ri, . . . , r^} > p implies 



p + s— l<ri-\ \-rs<vi-\ \-ys = ^ 1 



that \s s < V — p + \. In particular, ^^(z/) = O if 1/ < /lz or if s > z/ — /x + 1. Moreover, if we had 
dij > v — p + 1 for some 1 < i < s and 1 < i < we would get 



v = dii + • • • + dsr, yv — p + l + ri + -- -+rs — l>i' — p + l + p + s — 1 — l = i' + s — lyv, 

impossible. This means that Ss{iy) depends only on Fp with p < u for all s, on Hj with 7 < u—p+1 

when s < u — p + 1, and that S',y_^-(_i(z/) depends on H^-^^i only because it contains 
Furthermore, the conditions maxjri, . . . , rj^_^+i} > p and z/i + . . . + z/i,_^_|_i = z/ imply that 

5,_^+i(z/) = (z/-// + l)^,_^+i(F^,A,...,A) = -(z/-/x + l)^,_^+i(F^,A,...,A) + i?2 , 
where (using Lemmas 1.2 and 2.2) 



E Y'^^^r{Hd,oA,...,Hd^{F^,A,...,A),...,Hd^oA) 

2<r<L' — /A J — 1 

^1 H |-dr = '^~ + l 

depends only on A, and with 7 < z/ — /x + 1. 
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Putting everything together, we have 

u — pi+l 

{$-ioFo$}, = r, + 5i(i.)+ -^^M 

s=2 

{O ii2<u<fi, 
-Lf^,a{H2) \iv = ^Ji + l, 

where 

8 = 2 

depends only on Fp with p < jJ, and on with ^ < u — jj, + \. In particular, if F = A then we 
have Ss{i') = O for all s > 1 and hence Ri, = O for all v >2. 

In this way we have proved (2.4) and parts (i), (ii) and (iii). Concerning (iv), it suffices to 
notice that if F2, . . . , F,^_i and if2, • • • j -^1^-/4+1 are A-resonant, then also i?^, 52(z^), . . . , S„-fj,{u) 
and R^ (by Lemmas 1.3 and 2.2) are A-resonant. □ 

We can now prove the existence of a first order normalization in the sense described in the 
introduction. 

Proposition 2.4: Take A € M„^„(C) and for each v > 2 choose two subspaces Af^ , A4'^ C H'^ 
such that W = ImLAl^.^ ^M" and W =U\® M" . Then for every F e d\ there exists a unique 
$ = I + J2 Hd such that G M'^ for alld>2 and {^'^ o F o G A/"" for allu>2. 

d>2 

Proof: Notice that, by construction, Lx{%^) = Lj\^{Ai'^) and L/^Ij^^ is injective. Now put 
G = $~^oFo$; we define by induction. For d = 2, we see that there exist a unique 
G eM"^ and a unique H G such that F2 = G + L{^{H). Since (2.4) says that 

G2 = F2 - La({$}2) = G + La{H) - La({^>}2) , 

to get G2 G A/"^ with {<I>}2 G we must take {<I>}2 = H. 

Assume now that we have defined Hj G Ai^ for j = 2, . . . , Hd-i- In particular, this determines 
completely the terms Qd, Ra and Lp^^i^{Hd-i) in (2.4). So there exist a unique G G M*^ and a 
unique H e M'^ such that Fa - Lp^^xiHa-i) + Qd + Rd = G + La{H). Then to get Gd G Af^ with 
G M'^ the only choice is {^}d = H, and thus Gd = G. □ 

There are a few natural choices for the subspaces Af" and A4'^ (see, e.g., [Mul, Chapter 4]). If 
A is diagonal, then Remark 1.1 shows that we can take Af'^ = T-L\ and Ad'^ = ImLAl^^i^, and thus 
Proposition 2.4 gives nothing but the usual Poincare-Dulac normal form. 

Another possibility arises choosing on each liy a positive definite Hermitian product. Then, 
denoting by L\ the adjoint operator of La, we have 

W = ImLAlH" ®KerLX|^. = HI ®ImLX|?^. , 

and thus we can take AT^ = KerL^I^.^ and AA'^ = ImL^I^.^. 

If we use the Fischer Hermitian product introduced in (0.3), it turns out that L\ = Ljy* , where 
A* is the matrix adjoint of A (see, e.g., [Mul, Lemma 4.6.6]). Furthermore, when A is diagonal we 
clearly have KerLA* = Keri^A, and thus we have again recovered the usual Poincare-Dulac normal 
form. More generally, if A = D + AT is in Jordan normal form, with D diagonal and N nilpotent, 
then KerL\ = KerL/j H KerL^r* C KerL/j (see, e.g., [Mul, Lemma 4.6.9]), and thus in this case 
too we have recovered the usual Poincare-Dulac normal form (composed by monomials resonant 
with respect to the eigenvalues of A, i.e., D-resonant) . 

We can now introduce the renormalized Poincare-Dulac normal form. 
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Definition 2.4: Given A G M„^„(C), we shall say that a G G 0\ is in renormalized Poincare- 
Dulac normal form if G = A or the homogeneous expansion G = A + ^ of G satisfies the 

following conditions: 

(a) G,gK\{0}; 

(b) Gd G 'H'}^ n (ImLc^.A)"'" for all d > /i (where we are using the Fischer Hermitian product). 

Given F G O^, we shall say that G G O]^ is a renormalized Poincare-Dulac normal form of F if G 
is in renormalized Poincare-Dulac normal form and G = <I>~^ oFo<I) for some <I> G Of. 

To proceed with the renormalization as explained in the introduction, we need condition (0.2), 
that is we need to check that the operator -Lf^,a with F^ G sends H^"^"*"^ into M"^. When A 
is diagonal, we have = T-L\ for all > 2, and hence (0.2) follows from Corollary 1.4. We then 
have the renormalized normal form we were looking for: 

Theorem 2.5: Let A G M„.„(C) he diagonal. Then each F G 0\ admits a renormalized Poincare- 
Dulac normal form. More precisely, if F = A + ^ F^ is in Poincare-Dulac normal form (and 

F ^ A) then there exists a unique A-resonant $ = / + ^ E Of such that G (Ker Ljj'^^a)-'- 

d>2 

for all d>2 and G = o F o $ is in renormalized Poincare-Dulac normal form. 

Proof : By Proposition 2.4 we can assume that F is in Poincare-Dulac normal form. If F = A we 

are done; assume then that F ^ A. 

First of all, by Proposition 2.3 if $ is A-resonant we have {$~^ o F o = F^ for all d < fi. 
In particular, G therefore, by Corollary 1.4, ImLi^^^Al-^^-M+i C T-l'^. We then have the 
splittings 

= Im-^Fj^,A|^^-M+i ® (ImLi?^^A|^'^-M+i)"'" 

and 

^a"'*'*'^ = KerLi;'^,A|^^--M+i ® (KerLi;'^,A|-H--'-+i)"^ ■ 

Hence we can find a unique G G (ImLj^^^A)"*" H "Ha^^ and a unique G (Ker Li^^^A)"*" H ^a such 
that F^+i = G -I- Lf^^a{H). Then Proposition 2.3 yields 

{$-1 o F o = F^+i - L^^,a({$}2) = G + Lf^aW - ^f„a({$}2) ; 

soto get {$"^oFo$}^+i G (ImLir^,A)"^n'H^"^^ with {$}2 G (Ker LF^_A)"^n'HA we must necessarily 
take {$}2 = -ff . 

Assume, by induction, that we have uniquely determined H2, . . . ,Hd-i G (JmLp^^jy)^ H ^a; 
in particular, this determines completely G H.'j^ in (2.4). Hence there exist a unique G in 
(ImL^^^A)-^ n Wl and a unique H G (Ker Li^^^A)^ H V.'i'^^^ such that iv + i?d = G Lf^,k{H). 
So to get {$-1 o F o $}d G (ImLj.^,A)^ n V.i with G (Ker L^^,a)^ n 1^^-''+' the only 

choice is = i?, and thus {$~^ o F o = G. □ 

As examples of applications of this method, in the remaining two sections we shall study cases 
where the usual Poincare-Dulac normal form reduces to the original map. 

3. Examples with A = O 

In this section we shall completely describe the renormalized normal forms obtained when n = fi = 2 
and A = O, that is in the 2-dimensional quadratic superattracting case. It is worthwhile to remark 
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that, except in a few degenerate instances, the normal form will be expressed just in terms of two 
power series of one variable, and thus we shall obtain a drastic simplification of the germs. 

In [A3] we showed that, up to a linear change of variable, we can assume that the quadratic 
term F2 is of one (and only one) of the following forms: 

{z'^,zw); 
{0,-z^); 

{-z^,-{z^ + zw)); 
{-zw, -{z^ + w^)); 
{0,zwy, 

{zw, zw + w"^); 

{—pz^, (1 — p)zw), with p / 0; 
(pz^ + zw, (1 + p)zw + w"^), with p ^ 0; 
(z^ - zw, 0); 

{p{—z'^ + zw), (1 — p){zw — w"^)), with p / 0, 1; 
i^—pz^ + (1 — t)zw, (1 — p)zw — Tw'^), with p, T and p + r 7^ 1 

(where the symbols refer to the number of characteristic directions and to their indeces; see also 
[AT2]). 

We shall use the standard basis {udj,Vdj}j=o,...,d of H'^, where 

Udj = {z^w-^-i , 0) and va,j = (0, z^w''-^) , 

and we shall endow T-L'^ with the usual Fischer scalar product, so that {ud,j,Vd,j}j=Q,...,d is an 
orthogonal basis and 

\\Ud,j\\'^ = \\Vd,jf = 

Finally, we recall that when A = O the operator L = Lf2,a is given by 

L{H) = - Jac{F2) ■ H . 

We shall now study separately each case. 

• Case (00). 

In this case we have 

L{ud,j) = -2ud+i,j+i - Vd+i,j and L{vd,j) = -Vd+ij+i 

for all c/ > 2 and j = 0, . . . ,d. Therefore 

ImL|^d = Span (■Ud+i,2,---,'"d+i,d+i, 2^^+1,1 + Vd+i,o,Vd+i,i, . . . ,Vd+i,d+i) , 

and thus 

(ImL|-j^d)-^ = Span (ud+1,0, {d + - 2vd+i,o) ■ 

It then follows that every formal power series of the form 

F{Z,W) = {Z^ +03,ZW + 03) 

(where O3 denotes a remainder term of order at least 3) is formally conjugated to a power series 
of the form 

G{z, w) = (z^ + (p{w) + zip' {w), zw — 2tp{w)) 

where ip, tp € are arbitrary power series of order at least 3. Notice that (here and in later 

formulas) the appearance of the derivative (which simplifies the expression of the normal form) 
is due to the fact we are using the Fischer Hermitian product; using another Hermitian product 
might lead to more complicated normal forms. 
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• Case (loo)- 

In this case we have 

L{udj) = 2vd+ij+i and L{vd,j) = 
for all d > 2 and j = 0, . . . ,d. Therefore 

ImLl^d = Span{vd+i,i, . . . ,Vd+i,d+i) , 

and thus 

(ImLl^d)-'- = Sp&n{ud+i,o, ■ ■ ■ ,Ud+i,d+i,Vd+i,o) ■ 
It then follows that every formal power series of the form 

F{z,w) = {Os,-z^ + Os) 

is formally conjugated to a power series of the form 

G{z,w) = (^^{z,w),-z^ + ip{w)) 

where ^ G CfQ and $ G Cfz, w} are arbitrary power series of order at least 3. 

• Case (lio)- 

In this case we have 

L{ud,j) = 2'Ud+i,j+i + 2'Ud+i,j+i + Vd+i,j and L{vd,j) = fd+ij+i 
for all d > 2 and j = 0, . . . ,d. Therefore 

ImL|^d = Span(2ud+i,i + Vd+i,o,Ud+i,2, ■ ■ . ,Ud+i,d+i,Vd+i,i, ■ ■ . ,Vd+i,d+i) , 

and thus 

(ImLl^^d)-^ = Span(ud+i,o, {d+l)ud+i,i - 2^^+1,0) . 
It then follows that every formal power series of the form 

F{z, w) = {-z^ + O3, -z^ -ZW + O3) 

is formally conjugated to a power series of the form 

G{z, w) = {—z^ + ip{w) + zip'{w), —z^ — zw — 2i/:(w)^ 

where ip, il> E C|C] are arbitrary power series of order at least 3. 

• Case (111). 

In this case we have 

L{udj) = Ud+i,j + 2vd+i,j+i and L{vd,j) = Ud+i,j+i + 2fd+i,j 
for all d > 2 and j = 0, . . . , d. It follows that 
ImL|^d = Span(nd+i,o - ■ ■ ■ ,Ud+i,d-i - Ud+i,d+i, 

Vd+1,2 — Vd+1,0, ■ ■ ■ , — Vd+l,d-l,Ud+l,0 + 2fd+l,l, Ud+1,1 + 2Vd+l,o) , 
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and a few computations yield 

(d+l _|_ -|^\ d+l ^ ^^ 

J=0 V J / j^Q \ J / 

= Span ((-2(z + (z + wf+^), {2{w - zf+\ {w - zf+^)) 

It then follows that every formal germ of the form 

F{z, w) = {-zw + O3, -z^ -w^ + O3) 

is formally conjugated to a germ of the form 

G{z, w) = [—zw — 2ip{z + w) + 2ip{w — z), —z^ — + (p{z + + '4){w — z)) 

where cp, ip £ are arbitrary power series of order at least 3. Again, the fact that the normal 
form is expressed in terms of power series evaluated in z + w and z — w is due to the fact we are 
using the Fischer Hermitian product. 

• Case (2ooi)- 

In this case we have 

L{ud,j) = -Vd+i,j and L{vd,j) = -Vd+i,j+i 
for all d > 2 and j = 0, . . . ,d. It follows that 

ImLl^d = Span{vd+i,o, ■ ■ ■ ,Vd+i,d+i) 

and hence 

(ImLl^d)^ = Span(wd+i,o, • • . ,Ud+i,d+i) • 
It then follows that every formal germ of the form 

F{z,w) = {03,ZW + 03) 
is formally conjugated to a germ of the form 

G{z,w) = (^{z,w), zw) 
where $ G Cfz, w} is a power series of order at least three. 

• Case (2oii). 

In this case we have 

Liudj) = -Ud+i,j - Vd+i,j and L{vd,j) = -Ud+i,j+i - 2vd+i,j - Vd+ij+i 
for all c? > 2 and j = 0, . . . ,d. It follows that 

ImLl-^d = Span(ud+i,o, ■ • • ,'U'd+i,d-i,Vd+i,o, ■ ■ ■ ,Vd+i,d-i, 

Ud+l,d + Vd+l,d,Ud+l,d+l + Vd+l,d+l + 2fd+l,d) , 

and hence 

(ImLl^rf)-^ = Span(((i + l)nd+i,d - {d + l)vd+i,d + 2vd+i,d+i,Ud+i,d+i - Vd+i,d+i) ■ 
It then follows that every formal germ of the form 

F{z, w) = {zw + 03,zw + w'^ + O3) 
is formally conjugated to a germ of the form 

G{z, w) = [zw + w(p'{z) + '4^{z), zw + w'^ + 2(^(z) — w(p'{z) — tpi^)) ) 
where ip, 4> E C|C] are arbitrary power series of order at least 3. 
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• Case (2iop). 
In this case we have 

L{ud,j) = 2pud+i,j+i + {p- l)vd+i,j and L{vd,j) = {p- 

for all d > 2 and j = 0, . . . , d. We clearly have two subcases to consider. 
If p = 1 then 

ImL|^d = Span(ud+i,i, . . . ,nd+i,d+i) , 

and hence 

(Im = Span {ud+i,o,Vd+i,o, • • • , fd+i.d+i) • 

It then follows that every formal germ of the form 

F{z,w) = {-z^ + 0^,0^) 

is formally conjugated to a germ of the form 

G{z, w) = {-z^ + ip{w), w)) , 

where G C!|C] and $ G C[z,i(;] are arbitrary power series of order at least 3. 
If instead p ^ 1 (recalling that /) / too) then 

ImL|^d = Span (2pnd+i,i + (p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d+i,Vd+i,i, ■ ■ .,Vd+i,d+i) , 
and hence 

(ImLl^d)-*- = Span('Ud+i,o,(p- l){d+l)ud+i,i - 2pvd+i,o) ■ 
It then follows that every formal germ of the form 

F{z, w) = {-pz^ + O3, (1 - p)zw + O3) 

with p 7^ 0, 1 is formally conjugated to a germ of the form 

G{z, w) = {—pz'^ + (p — l)z(p'{w) + il>{w), (1 — p)zw — 2ptp{z)) , 

where (p, i/j E C|C] are arbitrary power series of order at least 3. 

• Case (2iip)- 
In this case we have 

L{ud,j) = -2pud+i,j+i - Ud+i,j - (1 + p)vd+i,j 
L{vd,j) = -Ud+i,j+i - 2vd+i,j - (1 + p)vd+i,j+i 

for all d > 2 and j = 0, . . . , d. We clearly have two subcases to consider. 
If p = — 1 then 

ImL|^d = Span(nd+i,o - 2nd+i,i, . . ■ j-Ud+i.d - 2^x^+1,^+1,1*^+1,1 + 2vd+ifi., ■ ■ ■ ,Ud+i,d + 2vd+i,d) , 
and hence 



(3.1) 



-^Vd+l,j),Vd+l,d+l 



(ImL|-^d)^ = Span ^ ^^^{ua+ij - ^ 

= Span(((|+i.)'^+\-i(f+..)'^+^),(0, 



^d+v 
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It then follows that every formal germ of the form 

F{z, w) = {-z^ + ZW + O3, w"^ + O3) 
is formally conjugated to a germ of the form 

G{z, w) = ^-z^ + ZW + (^(1 +w),w'^ - ^(^(f + w) + i/jiz)^ , 

where tp, ^ G C[Cl are arbitrary power series of order at least 3. 

If instead p / — 1 (recalling that p 7^ too) then a basis of lmL\y^d is given by the vectors 
listed in (3.1), and a computation shows that (ImLl^d)-*- is given by homogeneous maps of the 
form 

d+l 

^{ajUd+i,j + bjVd+i,j) 

i=o 

where the coefficients aj, bj satisfy the following relations: 



2 1 

Cj-ibj-i — — -Cj-2bj-2 for j = 2, . . . , d + 1, 



1 + P 



P(l + P) 



CjUj = -Cj-2bj-2 



for j = 2,..., d+l, 



GO = (3p- 1)60 + 2^^^61, 
Lai = -2(d + 1)60- (l + p)6i , 
where cj^ = ('^^^) and bo, 61 G C are arbitrary. Solving this recurrence equation one gets 



1 fd+1 
j 



where is any square root of —p, and 

P(i + P) ' P(i + P) ■ 

It follows that the renormalized normal form of a formal germ of the form 

F{z, w) = {pz^ + zw; + O3, (1 + p)zw + + O3) 

with p 7^ 0, —1 is 



G(z, w) = ( pz"^ + zw + 



2m, 



^ — ip{mpZ + w)^ — <p{npZ + w) 



p 



2nl 



+ 



1 + P / 1 



-^'4){mpZ + w)- \tjj{npZ + w)] , 



\\- -\- p)zw -\- w H i^xmpZ -\- w) A 'p(npZ-\-w) 



+ 



2 

P(l + P) 



2 ^^-i' 

{^(nipZ + w) — 'i)(npZ + w)) 



where (f, ^ C[C] are power series of order at least 3. 
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• Case (3ioo)- 

In this case we have 



Hvdj) = Ud+l,j + l 



H'^d,j) = Ud+i,j - 2ud+ij+i and 
for all d > 2 and j = 0, . . . ,d. It follows that 

ImL|^d = Span(ud+i,o, • ■ .,Ud+i,d+i) 

and hence 

(Im L\^d)^ = Span {vd+i,o, • • • , Vd+i,d+i) ■ 
It then follows that every formal germ of the form 

F{z,w) = {z^ - zw + 03,03) 
is formally conjugated to a germ of the form 

G{z, w) = (z^ — zw, ^{z, w)^ , 

where $ G Cfz, w} is a power series of order at least 3. 

• Case (3pio). 
In this case we have 

Hudj) = p{2ud+i,j+i - Ud+i,j) + {p- l)vd+i,j 
Hvd,j) = -pud+i,j+i + {p-l){vd+i,j+i - 2vd+i,j] 

for all d > 2 and j = 0, . . . ,d. Then a basis of ImL|^d is given by the homogeneous maps listed in 
(3.2), and a computation shows that (ImLl^d)-*- is given by homogeneous maps of the form 

d+l 

^{ujUd+ij + bjVd+i,j) 

where the coefHcients aj, bj satisfy the following relations: 

Cj+iOj+i = - — -{cj+ibj+i - 2cjbj) for j = 0, . . . , d, 



(3.2) 



Cj+ibj+i = 2cjbj - cj-ibj-i 
cqUo = 2ciai + C060 , 



for i = 1, . . . , d, 



where ^ = ( and 60, fei G C are arbitrary. Solving this recurrence equation we find 

'^^• = (T) [nii^i -(■?■- forj = o,...,d + i, 

\"^ = ^(T) [S^i + (i-3)bo] fori = 0,...,d+l, 
where bo, bi & C are arbitrary. So every formal germ of the form 

F{z, w) = {p{-z^ + zw) + O3, (1 - p){zw - w'^) + O3) 
with p 7^ 0, 1 is formally conjugated to a germ of the form 

/ d 
G{z, w) = I p{—z^ + zw) + z— [ip{z + w) + tpiz + w)] — ip{z + w), 

p-1 



(1 — p){zw — w ) + 



d_ 



[^p{z + w) — ip{z + w)~\ — 3(p{z + w) + 2ip{z + w) 



where ip, 4> E C|C] are power series of order at least 3. 
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• Case (3pT-i). 

In this case we have 



and 



L{ud,j) = {r- l)w<i+i,j + "^pud+ij+i + {p- '^-)vd+i,j 



L{vd,j) = (r - l)ud+i,j+i + 2TVd+i,j + {p- l)vd+i,j+i 

for all d > 2 and j = 0, . . . , d. As before, we have a few subcases to consider. 
Assume first p = t = 1. Then 



ImL|^d = Spaji{ud+i,i, . . . ,Ud+i,d+i,Vd+i,o, ■ ■ ■ ,Vd+i,d) ; 



hence 



(ImLl^d)-^ = Span{ud+i,o,Vd+i,d+i) , 
It then follows that every formal germ of the form 

F{z, w) = {-z^ + O3, -w^ + O3) 

is formally conjugated to a germ of the form 

G{z, w) = (-z^ + ip{w), -w'^ + il^iz)) , 

where if, ^ & Clz,w} are arbitrary power series of order at least 3. 

Assume now p 7^ 1. Then a computation shows that {lm.L\y^d)^ is given by homogeneous 
maps of the form 

d+l 

J2{ajUd+i,j + bjVd+i,j) 
where the coefficients a, , bj satisfy the following relations: 



for j = l,...,d, 



2r r(r - 1) r ■ , , 
: —Cj-iOj-i for J = 1, . . . , a, 



(r - l)ciai + (p- l)ci6i + 2tco5o = , 
, (r - l)coao + (p - l)co6o + 2pciOi = , 



where Cj ^ = {'^^^) and bo, bi £ C are arbitrary. 
When r = 1 conditions (3.3) reduce to 



Cj+idj+i — -Cj-ibj-i 



Cj+ibj+i 



p - 1 

(p-l)ci6i + 2co6o = 0, 
, (p - l)co6o + 2pciai = 



for j = 1, . . . , d, 
for j = 1, . . . , cZ, 



(3.3) 
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whose solution is 



d + l\l 



3 J P\'^-P 



.7-2 



d+l 



where oq, 6o € C are arbitrary. Therefore 



(IiriLl^^.)^ = Span( (w;'*+\0), ( ^^-7-^ ( -r^z + w 



bo for j = + 



for j = 0, . . . , d + 1, 



d+l 



4p \l-p J \l-p 
and thus every formal germ of the form 

F{z, w) = {-pz^ + O3, (1 - P)zw -w^ + O3) 
with yo 7^ 1 is formally conjugated to a germ of the form 



z + w 



G{z,w)=(-pz' + ip{w) + ^^^-^^ 



2 \ 2/^2 

z + w \ , (1 — p)zw — w + I ~^ z + w 



1-p 



1-p 



where (p, ip £ C|C] are arbitrary power series of order at least 3. 

The case p = 1 and r 7^ 1 is treated in the same way; we get that every formal germ of 

form 

F{z, w) = (-^2 + (1 - t)zw + O3, -Tw'^ + O3) 
with r 7^ 1 is formally conjugated to a germ of the form 

G{z, w) = I —z^ + (1 ~ t)zw + "01 — 2 — ^ + '"^ ) ' ""7"^^ + ¥'('2^) H ^ '0 I — — ^ + ""^ 

where ip^ i\} £ are arbitrary power series of order at least 3. 

Finally assume p, t ^1. Solving the recurrence equation (3.3) we find 



'^\/pr{p + r - 1) V j 



d+l 



for j = 0, . . . , d + 1, where a/ Pt{p + r — 1) is any square root of pT{p + r — 1), and 
_ ^ypT{p + T- 1) - pr _ y^pT{p + T- 1) + pr 



P(P-I) 

Moreover, from (3.3) we also get 



n 



Pip -I) 



2pVp^(p + T-l)\ 3 



d + l 



P(p-l) 



+ (p^Kprr' - <r) + Vpr{p + r-l){m^-^ + n^p-^))bo 
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again for j = 0, . . . ,d + 1. It follows that the renormalized normal form of a formal germ of the 
form 

F{z, w) = {-pz^ + (1 - t)zw + O3, (1 - p)zw - TV? + O3) 
with p, r / 0, 1 and p + r 7^ 1, is 



G{z, w) = ( -pz^ + (1 - t)zw + - 



P L 



Vp + r - 1 + ^ 



Vp + r - 1 - ^ 
H TT^ 'P{np,TZ + w) 



m 



-tpirrip^rZ + w) 



1 



n 



■ip{np,TZ + w) 



(1 — p)zW — TVU^ 



Vp + r - 1 + ^ 



(p{mp^rZ + w) 



+ 7, 'Pynp,rZ + w) 



+ 'tp{mp^rZ + w) - ipinp^rZ + w)] , 



where the square roots of pr and of p + r — 1 are chosen so that their product is equal to the 
previously chosen square root of pT{p + T — 1), and ip, tp ^ are power series of order at least 3. 

4. Examples with A = / 

In this section we shall assume n = p = 2 and A = /, that is we shall be interested in 2-dimensional 
germs tangent to the identity of order 2. We shall keep using the notations introduced in the 
previous section. It should be recall that in his monumental work [El] (see [E2] for a survey) Ecalle 
studied the formal classification of germs tangent to the identity in dimension n, giving a complete 
set of formal invariants for germs satisfying a generic condition: the existence of at least one 
non-degenerate characteristic direction (an eigenradius, in Ecalle's terminology). A characteristic 
direction of a germ tangent to the identity F is a non-zero direction v such that F^{v) = \v for 
some A G C, where is the first (nonlinear) non- vanishing term in the homogeneous expansion 
of F. The characteristic direction v is degenerate if A = 0. 

For this reason, we decided to discuss here the cases without non-degenerate characteristic 
directions, that is the cases (Iqo), (lio) and (2ooi), that cannot be dealt with Ecalle's methods. 
Furthermore, we shall also study the somewhat special case (00), where all directions are char- 
acteristic; and we shall examine in detail case (2iop), where interesting second-order resonance 
phenomena appear. 

When A = / the operator L = Lp^^A is given by 



L{H) = 3ac{H) ■ F2 - Jac(F2) • H 



• Case (00). 

In this case we have 



L{ud,j) = {d- 2)ud+i,j+i - Vd+i,j 
for all c? > 2 and j = 0, . . . ,d. Therefore 



and L{vdj) = {d - l)vd+ij+i 



ImLl d = I Span(ttd+i,2, • • . ,Ud+i,d+i, (d - 2)ud+i,i - Vd+i,o,Vd+i,i, • • . ,Vd+i,d+i) for d > 2, 
™ l^'' \ Span {v3^o, V3,3) for d = 2. 
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Thus 

It then fohows that every formal power series of the form 

F{z, w) = {z + z'^ + O3, W + ZW + O3) 
is formally conjugated to a power series of the form 

G{z, w) = (^z + z'^ + aoz^ + aiz'^w + a2zw'^ + (p{w) + zijy{w), zw + wijj'{w) — 3ip{w)) 

where if G C|C] is an arbitrary power series of order at least 3, tp E CIQ is an arbitrary power 
series of order at least 4 and oq, ai, 02 G C. 

• Case (loo)- 

In this case we have 

Hud,j) = U - d)ud+i,j+2 + '^Vd+i,j+i and L{vd,j) = {j - d)vd+i,j+2 
for all d > 2 and j = 0, . . . ,d. Therefore 

ImL|^d = Span(2?;d+i,i - ^-^^+1,2, -"^+1,3, • • ■ ,Ud+i,d+i,Vd+i,2, ■ ■ .,Vd+i,d+i) , 

and thus 

(ImL|-^d)-^ = Span{ud+i,o,Ud+i,i,Vd+i,o,Ud+i,2 + Vd+1,1) ■ 

It then follows that every formal power series of the form 

F{z,w) = {z + 03,w - z'' + O3) 

is formally conjugated to a power series of the form 

G{z,w) = (z + w(pi{w) + z(p2{w) + z^il){w),w — + wip^iw) + zwipiw)^ , 

where (fi, (p2, ^3 ^ are arbitrary power series of order at least 2, and tp G C|^] is an arbitrary 
power series of order at least 1. 

• Case (lio)- 

In this case we have 

H^dj) = (2 - d)ud+i,j+i - {d- j)ud+i,j+2 + 2vd+i,j+i + Vd+i,j 

and 

Hvdj) = (1 - d)vd+i,j+i - (d - j)vd+i,j+2 
for all d > 2 and j = 0, . . . ,d. Therefore 

ImLl d = I ^P^^f^^^ ~ d)ud+i,i + Vd+i,o,Ud+i,2,-- . ,Ud+i,d+i,Vd+i,i, ■ ■ ■ ,Vd+i,d+i) for d > 2, 
™ '^"^ \ Span (i;3,o - 2^x3,2, n3,3,i;3,i,i;3,2,'y3,3) for d = 2, 

and thus 

(ImLl A-i-^l^P^^('^d+'^'0,{d+l)ud+i,i + {d-2)vd+i,o) for d > 2, 
I iH-ij I Span(u3,o,n3,i,3n3,2 + 2i;3,o) for d = 2. 

It then follows that every formal power series of the form 

F{z, w) = {z - z^ + 03,w - z'^ - zw + O3) 

is formally conjugated to a power series of the form 

G{z, w) = (^z — z'^ + (p{w) + aizw"^ + 3a2Z^w + ztp'{w),w — z^ — zw + 2a2W^ + w'^'{w) — 3'^{w)^ , 

where (p G C|C] is an arbitrary power series of order at least 3, ip e C|C] is an arbitrary power 
series of order at least 4, and ai, 02 G C. 
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• Case (2ooi)- 

In this case we have 



L{vd,j) = {d- j -\)vd+i,j+i 



Hudj) = (d- j)ud+i,j+i - Vd+i,j and 
for all d > 2 and j = 0, . . . ,d. It follows that 

ImL|^d = Span{dud+i,i - Vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d,Vd+i,i, ■ ■ .,Vd+i,d+i) 

and hence 

(ImLl^^d)-^ = Span (tid+i.o, Ud+i,d+i, {d + l)ud+i,i + dvd+i,o) ■ 
It then follows that every formal germ of the form 

F{z, w) = {Z + 03,W + ZW + O3) 

is formally conjugated to a germ of the form 

G{z, w) = (^z + ifi{z) + if2{'w) + z'(p'{w), zw + wil)'{w) — tp{w)) 

where (pi, (p2, ip & CfQ are arbitrary power series of order at least 3. 

• Case (2iop). 

In this case we have 

L{ud,j) = {d-j-dp+2p)ud+i,j+i + {p-l)vd+i,j and L{vd,j) = {d-j -dp+p-l)vd+i,j+i (4.1) 

for all d > 2 and j = 0, . . . , d. Here we can shall sec the resonance phenomena we mentioned at 
the beginning of this section: for some values of p the dimension of the kernel of L\-^d can increase, 
and in some cases we shall end up with a normal form depending on power series evaluated in 
monomials of the form z''~°"w°'. 
Let us put 



d-j-1 
d-1 



j = 0,...,d\\{0} and Fd 



d-j 
d-2 



j = 0,...,d-l 



(we are excluding because p 7^ by assumption) , where Ed is defined for all d > 2 whereas Fd is 
defined for all d > 3, and set 



£= \jEd = {{o,i]nq)ui-- 

d>2 ^ ^ 



n G N* 



and 



So £ is the set of p G C* such that L{vd,j) = for some d>2 and < j < d, while T is the set of 
p e C* such that L{ud,j) = {p — ^)vd+i,j for some d>3 and < j < d — 1. 

Let us first discuss the non-resonant case, when p ^ £ U J^. Then none of the coefficients in 
(4.1) vanishes, and thus 



ImLl^d = Span ((d - dp + 2p)ud+i,i + {p - l)vd+i,o, Ud+1,2, • • • , Ud+i,d+i,Vd+i,i, Vd+i,d+i) , 
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and hence 

(ImLl^d)^ = Span(nrf+i^o, (1 - p){d+ ^)ud+i,i + {d{l - p) + 2p)vd+i,Q) ■ 
It then fohows that every formal germ of the form 

F{z, w) = {z - pz'^ + 03,w + {1 - p)zw + O3) 
with p ^ £ yj T (and p 7^ 0) is formally conjugated to a germ of the form 

G{z, w) = {z — pz^ + (fi{w) + (1 — p)z'tp' {w),w + (1 — p)zw + (1 — p)w'tp'{w) + (3p — l)'tp{z)) , 

where tp, ijj E C|C] are arbitrary power series of order at least 3. 

Assume now p ^ T\£. Then L{vdj) 7^ O always, and thus v^^i^j G ImL|-^ti for all d > 2 and 
all j = 1, . . . , d + 1. Since p > 1, if d > 2 it also follows that Ud+ij+i G ImL|^d for j = 1, . . . , d. 

Now, if /9 = 1 + (1/n) then 

d = 2(n + l), 



d- 2 
and 

d- 1 

j-^ = p ^ d = n + 2. 
Taking care of the case d = 2 separately, we then have 
ImL|^d 

Span ((d - d/9 + 2p)ud+i,i + (p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d+i,Vd+i,i, ■ ■ . 

for d > 3, d / n + 2, 2(n + 1), 
= < Span(ud+i,i + {p- l)vd+i,o,Ud+i,3, ■ ■ ■ ,Ud+i,d+i,Vd+i,i, ■ ■ .,Vd+i,d+i) for d = n + 2, 
Span (^^+1,2, • • • , Ud+i,d+i,Vd+i,o, • • • , Vd+i,d+i) for d = 2(n + 1), 

I Span(2n3,i + {p - 1)^^3,0, ^^3,2, ^3,1, ^^3,2, 1's.s) for d = 2, 

and hence 

(ImL|-^d)^ 

' Span {ud+1,0, (1 - p){d + l)ud+i,i + (d(l - p) + 2p)vd+i,o) for d > 3, d 7^ n + 2, 2(n + 1), 

^ ^ Span {ud+1,0, Ud+1,2, (1 - p)(d + l)ud+i,i + Vd+1,0) for d = n + 2, 

Span{ud+i,o,Ud+i,i) ford = 2(n + l), 

. Span {u3^o, U3,3, 3(1 - /9)«3,i + 2i;3,o) for d = 2. 

It then follows that every formal germ of the form 

F{z, w) = (^z - (^1 + z'^ + 03,W - ^ZW + O3 
with n G N* is formally conjugated to a germ of the form 

G{z,w) = (^z- ^1 + -^ z^ + (p{w) + (1 - p)zil)'{w) + aoz^ + aiz^iu^+S 
w zw + (1 — p)wtp'{w) + {3p — l)tlj{w)^ , 
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where v?, V' £ are arbitrary power series of order at least 3, and Oq, Oi G C. 

If instead p = 1 + (2/m) with m odd (if m is even we are again in the previous case) then 

d 

d = m + 2 , 



d-2 



whereas 7^ p always. Hence 
ImL|^d 

Span {{d - dp + 2p)ud+i,i + {p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d+i,Vd+i,i, ■ ■ .,Vd+i,d+i) 

ioi d>3, dj^m + 2, 

Span {ud+1,2, • • • , Ud+i,d+i,Vd+i,o, Vd+i,d+i) for d = m + 2, 

I Span(2n3,i + {p - 1)^^3,0, ^^3,2, -ys.n ^3,2, 1's.s) for d = 2, 

and thus 

( Span (ud+1,0, (1 - p){d+ l)ud+i,i + {d-dp + 2p)vd+i,o) for d > 3, d 7^ m + 2, 

(ImL|^d)-^ = < Span(ud+i,o,nd+i,i) for d = m + 2, 

^ Span (u3,o, -"3,3, 3(1 - p)u3,i + 2^3,0) for d = 2. 

It then follows that every formal germ of the form 

F{Z,W) = (z - (1 + — ) Z^ + 03,W- —ZW + O3 



m 

with m G N* odd is formally conjugated to a germ of the form 

G{z, w) = (^z- (^1 + £^ z"^ + ip{w) + aoz^ + (1 - p)z{w^'{w) + tp{w)), 

w zw + (1 — p^w^ ij)' (w) + 2pw'il)(w) 

m 

where (p G C|C] is an arbitrary power series of order at least 3, t/j & is an arbitrary power 
series of order at least 2, and ag, ai G C. 

Now let us consider the case p = —1/n e S \ T. In this case the coefficients in the expression 
of L{ud,j) are always different from zero (with the exception of d = j = 2), whereas 

d — j — dp + p— 1 = Q j = d = n + \ . 

It follows that 

ImLj^d 

( SY>WL{{d - dp + 2p)ud+i,i + {p- l)^^d+i,o,^^<i+i,2,- • . • • • 

for d > 3, d 7^ n + 1, 

Span {{d -dp + 2p)ud+i,i + (p - l)'yd+i,o, ^td+i,2, ■ ■ ■ , tid+i.d+i, "i^d+i.n • • • > Vd+i,d) 

for d = n + 1, 

I Span(2tt3,i + {p- 1)^3,0, 'W3,2,i'3,i,'y3,2,i'3,3) for d = 2, 

and thus 
(ImL|-?^d)-^ 

' Span («d+i,o, (1 - p){d+ + {d - dp + 2p)vd+i,Q) for d > 3, d 7^ n + 1, 

= < Span(«d+i,o,'yd+i,d+i, (1 - p){d + l)ud+i,i + {d - dp + 2p)vd+i,o) for d = n + 1, 
^ Span (-^3,0, ^3,3, 3(1 - p)'U3,i + 2v3^o) for d = 2. 
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It then follows that every formal germ of the form 

F{z,w) = { z + -z'^ + 03,w+ {l + -]zw + Oi 
\ n \ n J 

with n G N* is formally conjugated to a germ of the form 

G{z, w) = ^z+ —z^ + (p{w) + aoz^ + (1 — p)z{wip'{w) + i>{w)), 

w+ (^ + ^zw + ipiz) + ai2:"+^ + (1 - p)w^ip'{w) + 2pwilj{w)^ , 

where G C|C] is an arbitrary power series of order at least 3, £ is an arbitrary power 

series of order at least 2, and oq, at G C. 

Let us now discuss the extreme case p = 1. It is clear that 

ImL\-^d = Span{ud+i,i,Ud+i,2,Ud+i,4, ■ ■ ■ ,Ud+i,d+i,Vd+i,2, ■ ■ ■ ,Vd+i,d+i) , 

and hence 

(ImL|^d)-^ = Span{ud+i,o,Ud+i,3,Vd+i,o,Vd+i,i) , 
It then follows that every formal germ of the form 

F{Z,W) = {Z- Z'' +03,W + 03) 

is formally conjugated to a germ of the form 

G{z,w) = [z — z^ + (pi{w) + z^tjj{w),w + (p2{w) + Z(p3{w)) , 

where (fi, <f2 & ^KJ are arbitrary power series of order at least 3, (p3 G C[(^] is an arbitrary power 
series of order at least 2, and -0 G C|C] is an arbitrary power series. 

We are left with the case p G (0, 1) n Q. Write p = a/b with a, 6 G N coprime and < a < 6. 

Now 

a , , , (d— l)(b — a) 
d-j-l--{d-l) = ^ j = ^ ^; 

since a and b are coprime, this happens if and only if d = 6^ + 1 and j = {b — a)£ for some i > 1. 
Analogously, 

d-j--{d-2) = ^ j = d ^ 



again, being a and b coprime, this happens if and only ii d = b£ + 2 and j = ib — a)£ + 2 for some 
^ > 0. It follows that 

ImL|^d 

' Span {{d - dp + 2p)ud+i,i + (p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d+i,Vd+i,i, ■ ■ . 

for d > 3, d ^ 1, 2 (mod 6) 
Span(((i - dp + 2p)ud+i,i + (p - l)vd+i,o, ■Wd+1,2, • • ■ ,Ud+iXb^a)e+2, ■ ■ ■,Ud+i,d+i, 

Vd+1,1, ■ ■ ■ , 'Ud+i,(6-a)^+i, • • • , ■Ud+l,d+l, (6-0)^+2 ~ (f ~ 1) 'f^d+l,(6-a)€+l) 

for d = be + l, 

Span {{d - dp + 2p)ud+i,i + (p - l)vd+i,o,Ud+i,2, ■ ■ . ,Ud+i^a)e+3, ■ ■ • , ^ic/+i,d+i, 

Vd+1,1,. . . ,Vd+i,d+i) ford = 6^ + 2, 

^ Span (2n3,i + (p - l)v3^o, ^^3,2, vs.n ^3,2, '"3,3) for d = 2, 
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(where the hat indicates that that term is missing from the hst), and thus 

(ImL|-^d)-^ 

' Span {ud+1,0, (1 - P)ud+i,i + {d-dp + 2p)vd+i,o) for d > 3, d ^ 1, 2 (mod b), 

Span {ud+i,Q, (1 - p)ud+i,i + {d-dp + 2p)vd+i,o, 
= < (fe - o){at + l)ud+ixb-a)i+2 + a{{b - a)£ + 2)vd+i,(b-a)e+i) for d = bi+l, 

Span {ud+1,0, Ud+i,(b-a)e+3, (1 - p)ud+i,i + {d - dp + 2p)vd+i,o) for d = b£ + 2, 

^ Span {us^o, 1*3,3, 3(1 - p)u3,i + 2w3,o) for d = 2. 

It then follows that every formal germ of the form 



F{z, w) = - -z^ + 03,W + (1 - - j zw + O3 

with a/6 G (0, 1) n Q and a, b coprime, is formally conjugated to a germ of the form 
G{z, w) 

z-^z^ + 'Piw) + zVo(2'""«^") + ib- a)-^{z^wxiz'-''w^)) + (l " ^) ziwi^'{w) + ^Piw)) , 

d d Qj ci \ 

w+{\-'^zw + a— [z'^wx{z^~°'w°-)) + ^1 - w'^ip'iw) + 2^w'ijj{w) j , 

where ip, G C[C] are arbitrary power series of order at least 3, and (po, x ^ '^KJ ^■re arbitrary 
power series of order at least 1. 
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Abstract. Applying a general renormalization procedure for formal self-maps, pro- 
ducing a formal normal form simpler than the classical Poincare-Dulac normal form, we 
shall give a complete list of normal forms for bi-dimensional superattracting germs with 
non-vanishing quadratic term; in most cases, our normal forms will be the simplest pos- 
sible ones (in the sense of Wang, Zheng and Peng). We shall also discuss a few examples 
of renormalization of germs tangent to the identity, revealing interesting second-order 
resonance phenomena. 

0. Introduction 

In the study of a class of holomorphic dynamical systems, an important goal often is the classi- 
fication under topological, holomorphic or formal conjugation. In particular, for each dynamical 
system in the class one would like to have a definite way of choosing a (hopefully simpler, possibly 
unique) representative in the same conjugacy class; a normal form of the original dynamical system. 
The formal classification of one-dimensional germs is well-known (see, e.g., [A2]): if 

f{z) = \z + a^z^' + 0^+1 G CIzl 

is a one-dimensional formal power series with complex cofficients and vanishing constant term, 
where ^ and O^+i is a remainder term of order at least + 1, then / is formally conjugated 
to: 

- g{z) = Az if A 7^ and A is not a root of unity; 

- g{z) = if A = 0; and to 

- g(z) = Xz — _j_ Q;2:2"9+i if ^ is a primitive g-th root of unity, for suitable n > 1 and a G C 
that are formal invariant (and (? = 1 and n = ji when A = 1). 

In several variables, the most famous kind of normal form for local holomorphic dynamical 
systems (i.e., germs of holomorphic vector fields at a singular point, or germs of holomorphic self- 
maps with a fixed point) is the Poincare-Dulac normal form with respect to formal conjugation; let 
us recall very quickly its definition, at least in the setting we are interested here, that is of formal 
self- maps with a fixed point, that we can assume to be the origin in C", without discussing here 
convergence issues. 

So let F G be a formal transformation in n complex variables, where denotes the space 
of n-tuples of power series in n variables with vanishing constant term, and let A denote the (not 
necessarily invertible) linear term of F; up to a linear change of variables, we can assume that A 
is in Jordan normal form. For simplicity, given a linear map A G M„^„(C) we shall denote by 
the set of formal transformations in with A as linear part. If Ai, . . . , A„, are the eigenvalues 
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of A, we shall say that a multi- index Q = (gi, ...,(/„.)€ N" with g'l + • • • + g™ > 2 is A-resonant if 
there is j G {1, . . . ,n} such that A^^ • • • A^" = Xj. If this happens, we shall say that the monomial 
■ ■ ■ z^^Sj is A-resonant, where {ei, . . . ,e„} is the canonical basis of C". Then (see, e.g., [Ar], 
[Rl, 2], [Rii]) given F € 0""^ it is possible to find a (not unique, in general) invertible formal 
transformation $ G Of with identity linear part such that G = $~^oFo$ contains only A- 
resonant monomials. 

The formal transformation G is a Poincare-Dulac normal form of F; notice that, since $ G O", 
the linear part of G is still A. More generally, we shall say that a G G C>X Poincare-Dulac 
normal form if G contains only A-resonant monomials. 

The importance of this result cannot be underestimated, and it has been applied uncountably 
many times; however it has some limitations. For instance, if A = O or A = I then all monomials 
are resonant; and thus in these cases any F G O^^ is in Poincare-Dulac normal form, and a further 
simplification (a rcnormalization) is necessary. Actually, even when a Poincare-Dulac normal form 
is different from the original germ, it is often possible to further simplify the germ by applying 
invertible transformations preserving the property of being in Poincare-Dulac normal form. 

This idea of renormalizing Poincare-Dulac normal forms is not new in the context of vector 
fields; see, e.g., [AFGG, Bl, BS, G, KOW, LS, Mul, Mu2] and references therein. On the other 
hand, with a few exceptions (see, for instance, [B2, CD]) this idea has been exploited in the context 
of self-maps only recently. One example is [ATI], where it is applied to a particular class of self- 
maps with identity linear part. More important for our aims are [WZPl, 2], where the authors, 
following [KOW], construct an a priori infinite sequence of renormalizations giving simpler and 
simpler normal forms. 

Let us roughly describe the main ideas. For each z/ > 2 let H'^ denote the space of n-tuples of 
homogeneous polynomials in n variables of degree u. Then every F G O^^ admits a homogeneous 
expansion 

F = A + ^F,, 

i/>2 

where Fi, G Ti'^ is the v -homogeneous term of F. We shall also use the notation {G}i, to denote 
the i^-homogeneous term of a formal transformation G. 

If $ = I+Ylv>2 ^ ^1 ^'^^ homogeneous expansion of an invertible formal transformation, 
then it turns out that, if La: is defined by setting La{H) = HoK-KH, then Lx{W) C W 

and 

{^-^oFo^}, = F,-Lf,{H,) + R, (0.1) 

for all > 2, where Ri, is a remainder term depending only on Fp and H„ with p, a < v. This 
suggests to consider for each u > 2 splittings of the form 

n" = lmLl®Af'' and = Kev ® M" 

where LJ( = LaIh") and and M.'^ are suitable complementary subspaces. Then (0.1) implies 
that we can inductively choose H,^ G so that {^~^ o F o <I>}j^ G Af'^ for all > 2; we shall say 
that G = $"^oFo$ is a hrst order normal form of -F (with respect to the chosen complementary 
subspaces). Furthermore, it is not difficult to see that the quadratic (actually, the first non-linear 
non- vanishing) homogeneous term of G is a formal invariant, that is it is the same for all first order 
normal forms of F. Notice that when A = O or A = / we have L\ = O, and thus in these cases 
every F G is a first order normal form. 

When A is diagonal, Keri^A is generated by the resonant monomials, and Imi^A is gen- 
erated by the non-resonant monomials. Furthermore, for each > 2 we have the splitting 
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T-L^ = ImL^ © KerLJ(, and thus taking J\f^ = KerLJ( and M.^ = lm.L\ we have recovered the 
classical Poincare-Dulac normal form (when A has a nilpotent part the situation is only slightly 
more complicated; see [Mul, Section 4.5] for details). 

Summing up, a Poincare-Dulac formal normal form is composed by homogeneous terms con- 
tained in a complementary space of the image of the operator La. Furthermore, the quadratic 
homogeneous term is uniquely determined, and we can still act on the normal form by transforma- 
tions having all homogeneous terms in the kernel of La- 

The A;-th renormalization follows the same pattern. Assume that F is in {k — l)-th normal 
form. Then there is a suitable (not necessarily linear if /c > 3; see [WZP2] for details) operator 
C^, depending on the first k homogeneous terms of F, so that we can bring F in a normal form 
G whose all homogeneous terms belong to a chosen complementary subspace* of the image of , 
and the first k + 1 homogeneous terms of G are uniquely determined; we shall say that G is in k-th 
order normal form (with respect to the chosen subspaces). 

A formal transformation G is in infinite order normal form if it is in k-th normal form for all k, 
with respect to some choice of complementary subspaces and using the operators defined using 
the first k homogeneous terms of G. The main result of [WZP2] then states that every element of 

can be brought to a (possibly not unique) infinite order normal form by a sequence of formal 
conjugations tangent to the identity. 

To apply these results, we need a rule for choosing complementary subspaces. It turns out 
that an efficient way of doing this is by taking orthogonal complements with respect to the Fischer 
Hermitian product, defined by (see [F]) 

ii h ^ k or pj ^ qj for some j; 



(pi H hp. 



With this choice, as we shall see in Sections 2 and 3, the expression of the second order (and often 
infinite order) normal forms can be quite simple. For instance, in Section 2 we shall apply this 
procedure to the case of superattracting (i.e., with A = O) 2-dimensional formal transformations, 
case that has no analogue in the vector field setting, proving the following 

Theorem 0.1: Let F e O^, be of the form F{z, w) = ^2(2, u;) -|- O3. Then: 

(i) if F2{z,w) = {z'^,zw) or F2{z,'w) = (— z^,— — zw) then F is formally conjugated to an 
unique infinite order normal form 

G{z, w) = F2{z, w) + {ip{w) - ztp'{w),2'ip{w)) , 

where V G C {Q are power series of order at least 3; 

(ii) if F2(z, w) = {—zw, —z"^ — up') then F is formally conjugated to an unique infinite order normal 
form 

G{z,w) = F2{z,w) + {-2ip{z + w) + 2'i/j{w - z),(p{z + w) +tp{w - z)) , 

where ip, ip E C|C] are power series of order at least 3; 

(iii) if F2{z,w) = {zw,zw + vP) then F is formally conjugated to an unique inhnite order normal 
form 

G{z,w) = F2{z,w) + {wip'{z)+il;{z),2ip{z) - wip' {z) - ipiz)) , 



* When A; > 3 one has to choose a complementary subspace to a vector space of maximal 
dimension contained in the image of >C^. Actually, [WZP2] talks of "the" subspace of maximal 
dimension contained in JC^, but a priori it might not be unique. 
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where (p, ^ E are power series of order at least 3; 

(iv) if F2(z,w) = (^—pz^, (1 — p)zw) with p / 0, 1 then F is formaUy conjugated to an unique 
infinite order normal form 

G{z, w) = F2{z, w) + {{p - 1) VH + V-H, -2wW) , 

where ip, ip E C|Cl are power series of order at least 3; 

(v) if F2{z, w) = {—z^ + zw, w^) then F is formally conjugated to an unique infinite order normal 
form 

G{z,w) = F2{z,w) + {ip{§+w),-\ip{^+w)+^p{z)) , 

where ip, ip £ C|C] are power series of order at least 3; 

(vi) if F2{z, w) = (^pz^ + zw, (1 + p)zw + w^) with p / 0, — 1 then F is formally conjugated to an 
unique infinite order normal form 



G{z,w) = F2{z,w)+ ( i 



2ml 



—ip{mpZ + w) + 



-P 



2nj 



(p{npZ + w) 



+ ^ ; — I z:;2'^y'^P^ + w) — ■^'tp{npZ + 



+ 



2 



p{mpZ + w) + 



1 + 



-P 



(p{npZ + w) 



[tlj{mpZ + w) — tp{npZ + w)) 



where ^/—p is any square root of —p, 



-P- P 



-P + P 



P{l + P) ' 



P(l + P) ' 



and if, ip G are power series of order at least 3; 
(vii) if F2{z,w) = {p{—z^ + zw), (1 — p){zw — w'^)) with p ^ 0, 1 then F is formally conjugated to 
an unique infinite order normal form 



G{z,w) = F2{z,w)+ i^-Q^ ['^{z + w)+ ip{z + w)] - ip{z + w), 



w 



3ip{z + w) + 2iIj{z + w] 



(ix) 



(x) 



where ip, ip E C|C] are power series of order at least 3; 

if F2{z,w) = {—z^,—w^) then F is formally conjugated to an unique inhnite order normal 
form 

G{z,w) = F2(z,w) + {ip{w),ijiz)) 
where <p, ip E C|C] are power series of order at least 3; 

if F2{z, w) = {—pz^, (1 — p)zw — w^) with p ^0, 1 then F is formally conjugated to an unique 
inhnite order normal form 



G{z,w) = F2{z,w) + ( + ^^^V' 



2 \ , / 2 

Z + W \ ,11^ \ z + w 



1-p 



1-p 
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where (p, G C|C] are power series of order at least 3; 
(xi) if F2{z, w) = {—pz^ + (1 — t)zw, (1 — p)zw — tw'^) with p, r / 0, 1 and p + r 7^ 1 then F is 
formally conjugated to an unique infinite order normal form 



G{z,w) = F2{z,w)+ 



+ r - 1 + y/pf 



H TT-^ 'P{np,TZ + W) 



+ 



mi, 



-ll){mp^rZ + w) 



1 



Vp + r - 1 + y/pf 



■ip{np,rZ + w) 



ip{mp^rZ + w) 



+ 7, finp^rZ + w) 



+ ipirup^rz + w) - tpinp^rZ + w)\ , 



where 



m 



v^Vp + r - 1 - pr 



n 



y/prVp + r - 1 + pr 



p{p - 1) 

and (f, & ClCl are power series of order at least 3. 

In [Al] we showed that the hst of quadratic terms in this theorem gives a complete hst of all 
possible quadratic terms up to linear change of coordinates, with the exception of four degenerate 
cases where one of the coordinates is identically zero. In these cases missing we shall anyway be 
able to give a second order normal form: 

Proposition 0.2: Let F e 6% he of the form F{z, w) = ^2(2, u;) + O3. Then: 

(i) if F2{z, w) = (0, —2;^) then F is formally conjugated to a unique second order normal form 

G{z,w) = F2{z,w) + , 

where ^ G C|C] and $ G C|z, w] are power series of order at least 3; 

(ii) if F2{z, w) = (0, zw) then F is formally conjugated to a unique second order normal form 

G{z, w) = F2{z, w) + ($(z, w), 0) , 

where ^ e Clz,w} is a power series of order at least 3; 

(iii) if F2{z,w) = (— z^,0) tiien F is formally conjugated to a unique second order normal form 

G{z, w) = Fiiz, w) + {'ip{w),<i>{z, w)) , 

where & CIQ and $ G Cfz, u)] are power series of order at least 3; 

(iv) if F2{z, w) = [z^ — zw^ 0) then F is formally conjugated to a unique second order normal form 

G{z, w) = F2 {z, w) + (0, ^{z, w)) , 
wliere <I> G C|2;, w\ is a power scries of order at least 3. 

Finally, in Section 3 we shall also discuss a few interesting examples with A = /, showing in 
particular the appearance of non-trivial second-order resonance phenomena. For instance, we shall 
prove the following 
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Proposition 0.3: Let F E be of the form F{z,w) = {z,w) + F2{z,w) + O3, with 

F2{z,w) = {-pz^,{l- p)zw) 

and p^O. Put 



f = ([0,1] nQ) U nGN*| and J" = ([0, 1] n Q) U 1 1 + ^, 1 + ^ 



Then: 

(i) if p ^ £\J F then F is formally conjugated to a unique second order normal form 

G{z, w) = {z, w) + F2{z, w) + {az^ + ip{w) + (1 - p)zij'{w), (1 - p)wij'{w) + (3p - l)'ip{z)) , 

where ip, tp E C|CI are power series of order at least 3, and a G C; 

(ii) ifp=l + ^eT\£ then F is formally conjugated to a unique second order normal form 

G{z, w) = {z, w) + F2 {z, w) 

+ (aoz^ + aiz^u;"+^ + ip{w) - -z^'M, --wi;'{w) + ( 2 + - ) VM ) , 
\ n n \ J J 

where (p, -tp & C![C] are power series of order at least 3, and oq, oi G C; 



(iii) ifp = l + -^£F\£ with m odd then F is formally conjugated to a unique second order 



2_ 

m 

normal form 

G{z, w) = {z, w) + F2{z, w) 



+ ( aoz^ + (p(w) — —z(wip'(w) + ip(w)), 



w^ip'iw) + 2 H wipiw) 

m \ m J 

where (p, ip E C|C] are power series of order at least respectively 3 and 2, and ao G C; 
(iv) ifp=—^E:£\T then F is formally conjugated to a unique second order normal form 

G{z, w) = {z, w) + F2 {z, w) 



aiz""*"^ + il){z) + ( 1 + ^ ) w^tl)\w) - '^wi\){w) 



where ^p, ip ^ C|C] are power series of order at least respectively 3 and 2, and oq ai G C; 

(v) ifp=le£r]J^ then F is formally conjugated to a unique second order normal form 

G{z, w) = {z, w) + F2{z, w) + {ipi{w) + z^tpiw), (p2{w) + z(p3{w)) , 

where tpi, ip2 ^ C|C] are power series of order at least 3, ip2 G CfQ is a power series of order 
at least 2, and ps G C|C] is a power series; 

(vi) if p = a/b G (0,1) CiQ C £ then F is formally conjugated to a unique second order normal 
form 

G{z, w) = {z, w) + F2{z, w) 

+(^p{w) + z^<po{z'-''w^) + {b-a)-^{z^wx{z''-^w'')) + {l - ^) + VH) , 

a— {z'^wx{z^~°"w'')) + (1 - ^) w^i>'{w) + 2^wil){w) \ , 

where tp, ijj e CfQ are power series of order at least 3, and <^0; X ^ C|Cl are power series of 
order at least 1. 
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1. Renormalization 

In this section we shall recover, with a different proof, the part of the renormalization procedure 
of [WZP2] useful for our aims. One difference between our approach and theirs is that we shall 
systematically use the relations between homogeneous polynomials and symmetric multilinear maps 
instead of relying on higher order derivatives as in [WZP2]. 

Let us start collecting a few results on homogeneous polynomials and maps we shall need later. 

Definition 1.1: Wc shall denote by 'H'^ the space of homogenous maps of degree d, i.e., of 
n-tuples of homogeneous polynomials of degree d > 1 in the variables (zi, . . . , z^). It is well known 
(see, e.g., [C, pp. 79-88]) that to each P G T-L'^ is associated a unique symmetric multilinear map 
P: {Cf C" such that 

P{z) = P{z,...,z) 

for all z G C". We also sei'H= \{ W^. 

d>2 

Roughly speaking, the symmetric multilinear map associated to a homogeneous map H encodes 
the derivatives of H. For instance, it is easy to check that for each H G H'^ we have 

{JacH){z)-v = dH{v,z,...,z) (1.1) 

for all z, G C". 

Later on we shall need to compute the multilinear map associated to a homogeneous map 
obtained as a composition. The formula we are interested in is contained in the next lemma. 

Lemma 1.1: Assume that P G is of the form 

Piz) = k{HdAz),...,HdAz)) , 
where K is r-multihnear, di + ■ ■ ■ + dr = d, and H^. G T-L'^^ for j = 1, . . . ,r. Then 

1 . 

P{v, w,... ,w) = - djK[Hd^ (w), ...,Hdj{v,w,...,w),..., Hd,{w)) 
i=i 

for all V, w £ C". 
Proof: Write z = w + ev. Then 
P{w) + d£P{v, w,...,w) + 0{e^) 

= P{w + ev) = K[Hdi{w + ev, . . . ,w + ev), . . . ,Hd^{w + ev, . . . ,w + ev)) 

r 

= K{Hd, {w), Hd^iw)) + eJ2djK{Hd, {w), . . . ,Hd,{v,w, . . . ,w), . . . , Hd^ {w)) + 0(6^) , 

and we are done. □ 

Definition 1.2: Given a linear map A G M„^„(C), we define a linear operator La: H — > H by 
setting 

Lk{H) = HoK-KH . 

We shall say that a homogeneous map H G T-L*^ is K-resonant if La(H) = O, and we shall denote 
by = Ker La fl H'^ the subspace of A-resonant homogeneous maps of degree d. Finally, we set 

Ha = n nl 

d>2 

When A is diagonal, then the A-resonant monomials are exactly the resonant monomials ap- 
pearing in the classical Poincare-Dulac theory. 
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Definition 1.3: If Q = € N" is a multi-index and z = G C", we 

shall put = zi^ ■■■ z^". Given A = diag(Ai, . . . , A„) G M„,„(C), we shall say that Q with 
gi + • • • + g'n > 2 is A-resonant on tiie yth coordinate if Af^ • • • A^" = Aj. If Q is A-resonant on the 
j-th coordinate, we shall also say that the monomial z'^ej is A-resonanfc, where {ei, . . . , e„} is the 
canonical basis of C". 

Remark 1.1: If A = diag(Ai, . . . , A„) G M„.„(C) is diagonal, and z'^ej G 'H'^ is a homogeneous 
monomial (with qi + • • • + Qn = d), then (identifying the matrix A with the vector, still denoted by 
A, of its diagonal entries) we have 

La(z%) = (AQ-A,)z%. 

Therefore z'^Cj is A-resonant if and only if Q is A-resonant in the j-th coordinate. In particular, a 
basis of Hj^ is given by the A-resonant monomials, and we have 

for all d>2. 

It is possible to detect the A-resonance by using the associated multilinear map: 
Lemma 1.2: If A G M„^„(C) and H G H'^ then H is A-resonant if and only if 

H{Avu...,Avd) = AH{vi,...,Vd) (1.2) 

for aJi f 1 , . . . , G . In particular, if H G T-Lj^ then 

((Jac H)oA)-A = A- (Jac H) . (1.3) 

Proof: One direction is trivial. Conversely, assume H G T-Lj^. By definition, H is A-resonant if and 
only if H{Aw, ... , Aw) = AH{w, ... ,w) for all w G C". Put w = z + evi; then 

H{Az, ...,Az) + sdH{Avi,Az, ...,Az) + O(e^) = H{A{z + evi), . . .,A{z + evi)) 

= AH{z + evi , . . . , z + evi ) 
= AH{z, ...,z)+ edAH{vi,z, ...,z) + O(e^) , 

and thus 

H{Avi,Az, ... , Az) = AH{vi,z, ...,z) ; (1.4) 

in particular (1.3) is a consequence of (1.1). 
Now put z = zi + ev2 in (1.4). Wc get 

H{Avi,Azi, ...,Azi) + e{d- l)^(A?;i, A?;2, Azi, . . . , Azi) + 0{e^) 
= H{Avi,A{zi+£V2),...,A{zi+ev2)) 
= AH{vi,zi + ev2, ...,2:1 + ev2) 

= AH{vi,zi, ...,zi) + e{d- l)AH{vi ,V2, z, . . . , z) + 0{s'^) , 

and hence 

H{Av-i_,Av2,Azi, . . .,Azi) = AH{v-i_,V2, zi, ...,zi) 
for all vi, V2, z\ G C". Proceeding in this way we get (1.2). □ 
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We now introduce the operator needed for the second order normahzation. 
Definition 1.4: Given P G and A G M„,„(C), let Lpx-H^ ^ ^d+^-i be given by 

Lp,A{H){z)=dH{P{z),Az,...,Az)-tiP{H{z),z,...,z) . 
Remark 1.2: Equation (1.1) impHes that 

dH{P{z),Az,...,Az) = {3ac H){Az) ■ P{z) . 

Therefore 

Lp^a{H) = ((Jac H)oA)-P- (Jac P) ■ H ; 
In the notations of [WZP2] we have Lp^j^{H) = [H,P), and -Lp,A|^rf = Td[P] when P £ V.'^. 

Using multihncar maps it is easy to prove the following useful fact (cp. [WZP2, Lemma 2.1]): 
Lemma 1.3: Take A G M„,„(C) and P G n'^. Then Lp^ACHf) C 1^^+^"^ for all d>2. 
Proof: Using Lemma 1.2 and the definition of LpA, if H e we get 

Lp,a{H){Az) = dH{P{Az), A^z,...,A^z) - fiP{H{Az),Az, ...,Az) 
= dH{AP{z),A^z, . . . , A'^z) - fiP{AH{z),Az, ...,Az) 
= dAH{P{z),Az, ...,Az)- fiAP{H{z), z,...,z) 
= ALp,a{H){z) . 

□ 

To state and prove the main technical result of this section we fix a few more notations. 
Definition 1.5: We shall denote by O" = H ^'^ the space of n-tuples of formal power series 

d>l 

with vanishing constant term. Furthermore, given A G M„^„(C) we shall denote by OJ^ the subset 
of F G with dFo = A. Every F G can be written in a unique way as a formal sum 

d>l 

with Fd G H'^; (1.5) is the homogeneous expansion of F, and Fj, is the d-homogeneous term of F. 
We shall often write {F}d for Fa- In particular, ii F e then {F}i = A. 

The homogeneous terms behave in a predictable way with respect to composition and inverse: 
indeed it is easy to see that if F = Fd and G = ^ Gd axe two elements of then 

d>l d>l 

{FoG}d= Fr{Gd,,...,Gd^) (1.6) 

l<r<d 
d-^ H \-df = d 

for all d > 1; and that if $ = 7 + ^ iJ^ belongs to Of then the homogeneous expansion of the 

d>2 

inverse transformation = / + J2 is given by 

d>2 

Kd = -Hd- Yl Kr{Hd„...,HdJ (1.7) 

2<r<d— 1 
•il H — ■-\-dr = d 

for all c? > 2. In particular we have 
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Lemma 1.4: Let $ = / + Yl & Of, and let = I + J2 be the homogeneous expansion 

d>2 d>2 

of the inverse. Then if H2, . . . , are A-resonant for some A G M„^„(C) and d>2 then also is. 

Proof: We argue by induction. Assume that H2,...,Hd are A-resonant. If d = 2 then K2 = —H2 
and thus K2 is clearly A-resonant. Assume the assertion true for d — 1; in particular, K2, ■ ■ ■ , K^-i 
are A-resonant. Then 

KdoA = -HdoA- Kr{Hd,oA,...,Hd^oA) 

2<r<d-l 
d^-\-----\-d',^ — d 

= AHa- Yl ^ri^Ha, AH^J = AK^ 

2<r<d— 1 
d\ H \-dr = d 

because K2,...., K^-i are A-resonant (and we are using Lemma 1.2). □ 

Definition 1.6: Given A G M„,„(C), we shall say that F G 6" is A-resonaut if F o A = AF. 
Clearly, F is A-resonant if and only if {F}^ G for all d G N. 

The main technical result of this section is the following analogue of [WZP2, Theorem 2.4]: 
Theorem 1.5: Given F G Oq, let F = A + Y1 ^d be its homogeneous expansion, with F^ ^ O. 

Tiien for every ^> G Of with homogeneous expansion $ = / + ^ Hd and every u >2 we have 

d>2 

{$-1 o F o = - La{H,) - Lf^,A(i7,_^+i) + Q, + R,, (1.8) 

where Qi, depends only on A and on with ^ < v, while R^, depends only on Fp with p < u and 
on Hj with < v — fi + 1, and we put Lf^,a{Hi) = O. Furthermore, we have: 

(i) if H2, . . . , -f^i/-i G Ha then Q^, = O; in particular, if $ is A-resonant then La{H^) = = O 

for all V > 2; 

(ii) if $ is A-resonant then {$~^ o F o $},^ = O for 2 < 1/ < /i, {<I>~^ o F o = F^, and 

{$-1 o F o = F^+i - Lf^^a{H2) ; 

(iii) if F = A then R„ = O for all u>2; 

(iv) if F2, . . . , Fy_i and H2, ■ . . , H^^^ are A-resonant then R^, is A-resonant. 
Proof: Using twice (1.6) we get 

{$-ioFo$},= J2 Ks{{Fo^},^,...,{Fo^},J 

l<s<iy 
1^1 H \-^s=^ 

= X^-^s(-^'-i(-^dii'---'-^<ii,J,---,-^r,(-f^d,ir--,-f^d,,j) 

i^lH \-^s=i^ dii-\ |-<ilT-i=^l <*sl-f l-rfsr5='^s 

= T, + S^{u) + Y,Ss{i^) , 

s>2 

where = I -\- ^d is the homogeneous expansion of and: 

d>2 

(1) r,= K,{AH,„...,AH^J 

l<s<v 
1^1 H \-^s=^ 
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is obtained considering only the terms with ri = . . . = = 1; 
(2) S,iu)= Yl MHd„---,Hd 



c^l +■ — [-dj^ — u 



contains the terms with s = 1 and ri > 1; and 

^s{l^) = X] X] X -^s(-^r-i(-ffdii, • • • ,-ffdi,J, ■ ■ ■ ,-^r,(-ffd»i, • • • ,-ffd,,j) 

I'lH \-Va=J^ l<r-l<''l dllH l-<ilri=''l 



contains the terms with fixed s > 2 and at least one rj greater than 1 (and thus greater than or 
equal to because F2 = . . . = F^^i = O by assumption). 

Let us first study T^. The summand corresponding to s = 1 is AiJj,; the summand correspond- 
ing io s = V \s Ki, o A; therefore 



2<.3<U-1 

'1 H ^i^s='^ 



where, using (1.7) to express Kjy, 



2<s<i/-l 
I'lH \-i^s=^ 



depends only on A and with 7 < z/ because 2<s<i/ — lin the sum. In particular, if 

Hi, ... , H^-i G then = O, and (i) is proved. 

Now let us study S'i(i^). First of all, we clearly have Si{i') = O loi 2 < v < ji, and Si{^) = F^. 
When V > ji we can write 

Si{u) = F^+ Yl Fr{Hd„---,Ha^) 

ix<r<h'-l 
til H \-dr = ^ 

= Fu + fJ-FniHu-fM+i,!, ■ ■ ■ ,1) + X Fti{Hd-i, ■ ■ ■ ,Hd^) + 'Y Pr{Hdi^,...,HdJ . 

<ilH — --^dfj^ — iJ ^ + l<r<iy — 1 
l<max{dj }<!/ — fi + 1 ''l"! t-dr = iy 

in particular, Si{fi + 1) = F^+i + ijlF^{H2jI, ■■■,!)■ Notice that the two remaining sums depend 
only on Fp with p < 1/ and on Hj with 7 < — /x + 1 (in the first sum is clear; for the second one, if 
dj > — ;U + 1 for some j we then would have di + - ■ ■ + dr > z^ — /x + l + r— 1 > v + l, impossible). 
Summing up we have 



( O for 2 < z>< 

Ff, for 1^ = 11, 

F^+i +//F^(F2, 7) fori. = /x + l, 

^ F^ + /xF^(/7,_^+i, 7, . . . , 7) + for z. > /X + 1, 



where 

-RJ; = X FA^di, ■ ■ ■ ,Hdi^) + Y, -^r(77di, . . . ,77d^) 



|-d/n=i^ /A-{-l<r<L' — 1 

l<max{d,- }<!/ — + 1 <ilH \-dr = i^ 
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depends only on Fp with p < v and on H-^ with ^ < u — + 1. 

Let us now discuss Ssii') for s > 2. First of all, the condition max{ri, • • • ,rs} > /x implies 

/x + s— l<riH +rs <vi-\ \-v^ = i/, 

that is s < V — n + \. In particular, S s{i') = O \l u < oi li s > v — ^ + \. Moreover, if we had 
dij > u — n + I for some 1 < i < s and 1 < j < we would get 

u = dii-\ h dsr, >u-iJ. + l + ri-\ +rs-l>i/ — /i + l + // + s- l — l = i/ + s — l>z/, 

impossible. This means that Ss{i^) depends only on Fp with p < i/ for all s, on H^^ with 7 < v — 
when s < — ^ + 1, and that 5jy_^_|_i(z/) depends on H^^p^i just because it contains Kj^-^^i. 
Furthermore, the conditions maxjri, . . . , ri/_^+i} > p and z/i + . . . + = 1/ imply that 

= (z/ - + A, . . . , A) = -(z, - ^ + A, . . . , A) + ^ 

where (using Lemmas 1.1 and (1.7)) 

r 

di-\ \-dr = h' — /Li + 1 

depends only on A, F^ and Hj with 7 < — /x + 1. 
Putting everything together, we have 

{$-ioFo$}, = r, + 5i(i/)+ Ssii^) 

s=2 

where 

I/— /i 

i2, = i?i + i?^ + ^S«(i.) 

s=2 

depends only on _Fp with p < p, and on with 7<z/ — /x + 1. In particular, if i*" = A then we 
have Ss{v) = O for all s > 1 and hence = O for all v >2. 

In this way we have proved (1.8) and parts (i), (ii) and (iii). Concerning (iv), it suffices to 
notice that if F2, . . . , and i?2, • • • , -f^i^-^+i are A-resonant, then also i?^, 52(z^), . . . , S,^-p,{iy) 
and R^ (by Lemmas 1.2 and 1.4) are A-resonant. □ 

Remark 1.3: In [WZP2] the remainder term Ri, is expressed by using combinations of higher 
order derivatives instead of combinations of multilinear maps. 

We can now introduce the second order normal forms, using the Fischer Hermitian product to 
provide suitable complementary spaces. 



...,Ha,{F^,A,...,K),...,Hd^ok) 



\i2<v< p, 
\i v = p + 1, 
ii V > p + 1, 
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Definition 1.7: The Fischer Hermitian product on H is defined by 



'0 if /i 7^ or pj 7^ Qj for some j; 



, (Pl H hPn)! 



\i h = k and pj = qj for all j. 



Definition 1.8: Given A G M„_„(C), we shall say that a G G C>]y is in second order normal 
form if G = A or the homogeneous expansion G = A+ ^ GdoiG satisfies the following conditions: 

(a) / O; 

(b) Gd G n (ImL(5^ a)^ for all d > ^ (where we are using Fischer Hermitian product). 

Given F G 0\, we shall say that G G 0\ is a second order normal form of F if G is in second order 
normal form and G = o F o $ for some $ G C?". 

We can now prove the existence of second order normal forms: 

Theorem 1.6: Let A G M„_„(C) he given. Then each F G 0\ admits a second order normal 
form. More precisely, if F = A + ^ Fd is in Poincare-Dulac normal form (and F ^ A) then there 

exists a unique A-resonant ^ = I + ^ & such that G (Ker Li^^^A)-*- for all d > 2 and 

d>2 

G = ^~^oFo^ is in second order normal form. Furthermore, if A is diagonal we also have Gd G Hf^ 
for all d > fi. 

Proof : By the classical theory we can assume that F is in Poincare-Dulac normal form. If F = A 
we are done; assume then that F ^ A. 

First of all, by Theorem 1.5 if $ is A-resonant we have {$~^ oFo$}^ = Fd for all d< jx. Now 
consider the splittings 

'H'' = ImL^^^Al-^^-M+i ® (ImL^^^Al-^^-M+i)^ 

and 

yd-iM+i ^ KerLi^^^Al^^d-f'+i ®{KerLF^,^.\■^^d-^.+l)^ . 

lid = jji+l we can find a unique G^i^+i G {hn.LFu_,h)'^^'H^^^ and a unique H2 G {Ker L f^j.^k)'^ ^'HX 
such that F^ij^i = G^^+i -|- Lf^,a{H2)- Then Theorem 1.5 yields 

{$-1 o F o = F^+i - Lf„a{W2) = G^+i + Lf,AH2) - Lf^,k{{^}2) ; 

so to get {$~^oFo$}^+i G (ImLir^^A)"'"nH''+^ with {$}2 G (Ker Lir^^A)"'"nHA we must necessarily 

take {$}2 = H2. 

Assume, by induction, that we have uniquely determined H2, ■ ■ ■ ,Hd-fj, G (ImLiP^^A)"*" H Ha, 
and thus Rd G in (1.8). Hence there is a unique Gd G (ImLi^^^A)"*" H and a unique 
Hd-^,+1 G (KerLir^,A)^ n Ha"''^' such that Fd + Rd = Gd + LF^,A{Hd-^^+l)■ Thus to get 
{$-1 o F o G (ImLf^,A)^ n n'' with G (KerLp^^A)^ n ^1"''+' the only possi- 

ble choice is {^-jd-^+i = Hd-^+i, and thus {$"^ o F o $}d = G^. 

Finally, if A is diagonal then Fd G T-L\ for all d > jj,. Furthermore, Lemma 1.3 yields 
ImLiT^^Al^d-M+i C Ha for all d> jj,; recalling Theorem 1.5. (vi) we then see can we can always find 

Gd G Ha, and we are done. □ 
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The definition and construction of k-th. order normal forms is similar; the idea is to extract 
from the remainder term i?^ the pieces depending on with 7 varying in a suitable range, and 
use them to build operators generalizing L\ and Lp A. We refer to [WZP2] for details; for our 
needs it suffices to recall that given F = A + J2d>2 G [WPZ2] introduces a sequence of 
(not necessarily linear) operators £('')[A,F2, . . . ,Fj:Ker£(''-i) x 'H'^+'^ 'H'^+^ for d > 1, with 
£(i)[A](F2) = La{H2) and jr^^^[A,F2]{H2,H3) = La{H3) + Lf,,a{H2), and gives the following 
definition: 

Definition 1.9: We shall say that G = A + ^ G O^^ is in infinite order normal form if 

d>2 

Gd G for all d>2, where Wd is a vector subspace of maximal dimension contained in the image 
of [A, G2, . . . , Gd-i]- We shall also say that G is an infinite order normal form of F & 0\ if 

it is in infinite order normal form and it is formally conjugated to F. 

We end this section quoting a result from [WZP2] giving a condition ensuring that a second 
order normal form is actually an infinite order normal form: 

Proposition 1.7: ([WZP2, Theorem 4.9]) Let A G M„,„(C) be diagonal, and F = K+Y, Fd^Ol 

d>2 

with F2 ^ O and K-resonant. Assume tliat Ker Li?2,A|7^d = {O} for all d > 2. Then the second 
order normal form of F is the unique infinite order normal form of F. 

2. Superattracting germs 

In this section we shall completely describe the second order normal forms obtained when n = /i = 2 
and A = O, that is for 2-dimensional superattracting germs with non-vanishing quadratic term. 
Except in four degenerate instances, the second order normal forms will be infinite order normal 
forms, and will be expressed just in terms of two power series of one variable, thus giving a drastic 
simplification of the germs. 

In [Al] we showed that, up to a linear change of variable, we can assume that the quadratic 
term F2 is of one (and only one) of the following forms: 

(00) F2{z,w) = {z'^,zw); 

(loo) F2iz,w) = (0,-^2); 

(lie) F2{z,w) = {-z'^,-{z'^ + zw)); 

(111) F2{z,w) = {-zw,-{z'^ + w'^))- 
(2ooi) F2{z,w) = (0, zw); 
(2oii) F2{z,w) = {zw,zw + w'^); 
(2iop) F2{z, w) = {-pz'^, (1 - p)zw), with p 7^ 0; 
(2iip) F2{z,w) = {pz^ + zw, (1 + p)zw + w'^), with p 7^ 0; 
(3ioo) F2{z,w) = (z^ - zw,0); 

(3pio) F2{z,w) = {pi-z"^ + zw), (1 - p){zw - w"^)), with p / 0, 1; 

(3pTi) F2{z, w) = {—pz"^ + {\ — t)zw, (1 — p)zw — riu^) , with p, t ^ and p + t ^ I 
(where the symbols refer to the number of characteristic directions and to their indeces; see also 
[AT2]). 

We shall use the standard basis {udj,Vdj}j=o,...,d of H'^, where 

Ud,j = {z^ w''-^ , 0) and Vdj = (0, z^ w''-^ ) , 

and we shall endow 'H'^ with Fischer Hermitian product, so that {ud,j,Vd,j}j=o,...,d is an orthogonal 
basis and 
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When A = O, we have T-L\ = H, and the operator L = Lp^^A- 'H'^ — > T-f^^^ is given by 

L{H) = - Z&c{F2) ■ H . 
To apply Proposition 1.7, we need to know when KerL|^d = {O}. Since 

dimKerL|^d + dimImL|^d = dim'H'' = dim'H''''"^ — 2 = dimImL|-^d + dim(ImL|-^d)"'" — 2 , 
we find that 

KerLl^d = {O} if and only if dim(ImL|?^d)-^ = 2 . (2.1) 
We shall now study separately each case. 

• Case (oo). 

In this case we have 

L{ud,j) = -2ud+i,j+i - Vd+i,j and L{vd,j) = -Vd+i,j+i 
for all d > 2 and j = 0, . . . ,d. Therefore 

ImLl^d = Span{ud+i,2, ■ ■ ■ ,Ud+i,d+i,'^Ud+i,i + Vd+i,o,Vd+i,i, ■ ■ ■ ,Vd+i,d+i) , 

and thus 

(ImLl^^d)-^ = Span(ud+i,o, {d+l)ud+i,i - 2vd+i,o) ■ 

In particular, thanks to (2.1) and Proposition 1.7, a second order normal form is automatically an 
infinite order normal form. 

It then follows that every formal power series of the form 

F{Z,W) = {Z^ +03,ZW + 03) 

(where O3 denotes a remainder term of order at least 3) has a unique infinite order normal form 

G{z, w) = (z^ + ip{w) + ziIj'{w), zw — 2'0(u))) 

where tp, ip ^ are power series of order at least 3. Notice that (here and in later formulas) the 
appearance of the derivative (which simplifies the expression of the normal form) is due to the fact 
we are using the Fischer Hermitian product; using another Hermitian product might lead to more 
complicated normal forms. 

• Case (loo)- 

In this case we have 

L{ud,j) = 2vd+i,j+i and L{vd,j) = 
for all d > 2 and j = 0, . . . ,d. Therefore 

ImLl^d = Span {vd+1,1, ... ,Vd+i,d+i) , 

and thus 

(ImLl^d)-^ = Spim{ud+i,o, . ■ ■ ,Ud+i,d+i,Vd+i,o) • 

This a degenerate case, where we cannot use Proposition 1.7. Anyway, Theorem 1.6 still apply, 
and it follows that every formal power series of the form 

F{z,w) = {03,-z^ + 03) 

has a second order normal form 

G{z, w) = {^{z, w), -z^ + ip{w)) 
where tp G C[C] and $ G Cfz, w} are power series of order at least 3. 
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• Case (lio)- 
In this case we have 

L{ud,j) = 2ud+i,j+i + 2vd+i,j+i + Vd+i,j and L{vd,j) = I'd+ij+i 

for all d > 2 and j = 0, . . . , d. Therefore 

ImLl^^d = Span(2ud+i,i + ^^+1,0, iid+i,2, • • • , 'Wd+i,!, ■ ■ ■ , 

and thus 

(ImLl^d)-^ = Span(nd+i,o, {d+\)ud+i,i - 21-^+1,0) • 
It then follows that every formal power series of the form 

F{z, w) = {-z^ + O3, -z^ -ZW + O3) 

has a unique infinite order normal form 

G{z, w) = (—2^ + ^{w) + zip'{w), —z^ — zw — 2il!{w)) 

where ip, i/^ E C|Cl are power series of order at least 3. 

• Case (111). 
In this case we have 

L{ud,j) = Ud+ij + 2vd+i,j+i and L{vd,j) = Ud+ij+i + 2vd+i,j 

for all 0? > 2 and j = 0, . . . ,d. It follows that 

ImL|^d = Span(nd+i,o - Ud+1,2, ■ ■ ■ ,Ud+i,d-i - Ud+i,d+i, 

Vd+1,2 — Vd+1,0, ■ ■ ■ , Vd+l,d+l — Vd+l,d-l,Ud+l,0 + 2Vd+l,l,Ud+l,l + 2vd+i,o) , 

and a few computations yield 

(d+l _|_ d+1 , ^ ^ 

XI ( „■ -2wd+i,j),X](-lF( . ) + 2ud+i,j) 

j=o \ J y j=o \ J y 

= Span {{-2{z + wf+\ {z + wf+^), {2{w - zf+\ {w - zf+^)) 

It then follows that every formal germ of the form 

F{z, w) = {-zw + O3, -z^ -V? ^ O3) 

has a unique infinite order normal form 

G{z^ w) = (^—zw — 2ip{z + w) + 2il){w — z), — — vP' + ip{z + w)+ il){w — z)) 

where (p, ip & C[C] are arbitrary power series of order at least 3. Again, the fact that the normal 
form is expressed in terms of power series evaluated in z + w and z — w is due to the fact we are 
using Fischer Hermitian product. 
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• Case (2ooi)- 

In this case we have 



L{ud,j) = -Vd+i,j 



and L{vd,j) = -Vd+ij+i 



for all d > 2 and j = 0, . . . ,d. It follows that 



lm.L\y^d = Span{vd+i,o, ■ ■ ■ ,Vd+i,d+i) 




F{Z,W) = {03,ZW + 03) 



has a second order normal form 

G{z,w) = (^^{zjw), zw) 

where $ G Clz, wj is a power series of order at least three. 

• Case (2oii). 

In this case we have 

L{ud,j) = -Ud+i,j - Vd+i,j and L{vd,j) = -Ud+ij+i - 2vd+i,j - Vd+ij+i 
for all d > 2 and j = 0, . . . ,d. It follows that 



(ImLl^d) = Span{{d + l)ud+i,d - {d+l)vd+i,d + 2vd+i,d+i,Ud+i,d+i - Vd+i,d+i) ■ 
It then follows that every formal germ of the form 



has a unique infinite order normal form 

G{z, w) = (^zw + wip'{z) + ip{z), zw + w'^ + 2(f{z) — w(p'{z) — tpiz)) , 

where ip, i/^ E C|C] are power series of order at least 3. 

• Case (2iop). 

In this case we have 



ImL|^d = Span(-Ud+i,o, • • • ,Ud+i,d-i,Vd+i,o, ■ ■ ■ ,Vd+i,d-i, 

Ud+l,d + Vd+l,d, Ud+l,d+l + ^^<i+l,<i+l + 2Vd+l,d) 



and hence 



F{z, w) = {zw + 03,ZW + W^ + O3) 



L{ud,j) = 2pud+i,j+i + (p - i)vd+i,j 



and L{vd,j) = {p 



l)Vd+l,j+l 



for all d > 2 and j = 0, . . . ,d. We clearly have two subcases to consider. 
If p = 1 then 

ImL|^d = Span(nd+i,i, . . .,Ud+i,d+i) , 
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and hence 

(ImLl^^d)^ = Span{ud+i,o,Vd+i,o, ■ ■ ■ ,Vd+i,d+i) ■ 
We are in the third degenerate case; hence every formal germ of the form 

F{z,w) = {-z^ + Os,Os) 

has a second order normal form 

G{z, w) = {-z^ + V W, $(-2, w)) , 

where ip G C|C] and $ G C[[z,tf] are power scries of order at least 3. 
If instead p ^ 1 (recalling that p ^ too) then 

ImL|^d = Span (2pud+i,i + (p - l)vd+i,o,Ud+i,2, ■ ■ . ,Ud+i,d+i,Vd+i,i, ■ ■ .,Vd+i,d+i) , 
and hence 

(ImL|-^d)^ = Span(nd+i,o, {p - \){d + - 2pvd+\,Q) ■ 

It then follows that every formal germ of the form 

F{z, w) = {-pz^ + O3, (1 - p)zw + O3) 

with p 7^ 0, 1 has a unique infinite order normal form 

G{z, w) = {-pz^ + (p - l)zip'{w) + 'il){w), (1 - p)zw - 2pip{z)) , 

where ip, ^ G are power series of order at least 3. 

• Case (2iip). 

In this case we have 

L{udj) = -2pud+ij+i - Ud+ij - (1 + p)vd+i,j 
L{vd,j) = -Ud+i,j+i - 2vd+i,j - (1 + p)vd+ij+i 



(2.2) 



for all d > 2 and j = 0, . . . , d. We clearly have two subcases to consider. 
If p = — 1 then 

ImL|^d = Span(nd+i,o - 2nd+i,i, . . ■ - 2^x^+1,^+1, + 2i;d+i,o, • • • ,""^+1,^ + 2vd+i,d) , 

and hence 

^ V i / 2^^^'*"^^'^ ~ ■^Vd+i,j),Vd+i,d+i 

= Span (((I +^)'^+\-i (f + ^)'^+^) ,(0,.^^+^)) . 
It then follows that every formal germ of the form 

F{z, w) = {-z^ + ZW + O3, + O3) 
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has a unique infinite order normal form 



G{z, w) = {-z'^ + zw + (p{§ +w),w'^ - -ip{^ + w) + i/jiz) , 



where (p, ^ & are power series of order at least 3. 

If instead p —1 (recalling that p 7^ too) then a basis of ImL|^d is given by the vectors 
listed in (2.2), and a computation shows that (ImLl^d)-*- is given by homogeneous maps of the 
form 

d+l 

^{ajUd+i,j + bjVd+i,j) 

i=o 

where the coefficients aj, bj satisfy the following relations: 



1 



1 + p-J-i'^i-i - p(i + p) for J = 2, . . . , d + 1, 



CjUj = -Cj-2bj-2 



for j = 2,..., d+l, 



ao = (3p- 1)60 + 2^^^61, 
Lai = -2(d + l)6o-(l + p)6i , 



where Cj ^ = {'^~^^) and bo, bi E C are arbitrary. Solving these recurrence equations one gets 



bi = 



1 fd+l 
j 



^^^(rn-^ - n-pbi + (p(m^, - n^,) + V=p(S + 4))bo 



-P + P 



2V^ 

where ^/—p is any square root of — p, and 

"^^ = 7^^' '"'' = -WTp)- 

It follows that the unique infinite order normal form of a formal germ of the form 

F{z, w) = {pz^ + zu; + O3, (1 + p)zw + w'^ + O3) 

with p / 0, —1 is 



G{z, w) = \ pz + zw -\ — 



—ip{mpZ + w) + 



2nl 



-ipijipZ + w) 



+ 



1 + p / 1 



2\/— p 



:i>{mpZ + w) - ■^ip{npZ + w)^ , 



\\ + p)zw + w ^ ^(mpZ^-w)^ ip{npZ + w) 



+ 



2 ""^^ 
+ P) 
2^^ 



[ip{mpZ + w) — tpijipZ + w)) 



where (p, ijj E C[C] are power series of order at least 3. 
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• Case (3ioo)- 

In this case we have 



Hvdj) = Ud+l,j + l 



H'^d,j) = Ud+i,j - 2ud+ij+i and 
for all d > 2 and j = 0, . . . ,d. It follows that 

ImL|^d = Span(ud+i,o, • ■ .,Ud+i,d+i) 

and hence 

(ImLl^d)^ = Span(i;rf+i,o, • • ■,Vd+i,d+i) ■ 
We are in the last degenerate case; hence every formal germ of the form 

F{z,w) = {z^ - zw + 03,03) 

has a second order normal form 

G{z, w) = (z^ — zw, ^{z, w)^ , 

where $ G Cfz, w} is a power series of order at least 3. 

• Case (3pio). 
In this case we have 

Hudj) = p{2ud+i,j+i - Ud+i,j) + {p- l)vd+i,j 
Hvd,j) = -pud+i,j+i + {p-l){vd+i,j+i - 2vd+i,j] 

for all d > 2 and j = 0, . . . ,d. Then a basis of ImL|^d is given by the homogeneous maps listed in 
(2.3), and a computation shows that (ImLl^d)-*- is given by homogeneous maps of the form 

d+l 

^{ujUd+ij + bjVd+i,j) 

where the coefHcients aj, bj satisfy the following relations: 

Cj+iOj+i = - — -{cj+ibj+i - 2cjbj) for j = 0, . . . , d, 



(2.3) 



Cj+ibj+i = 2cjbj - cj-ibj-i 
cqUo = 2ciai + C060 , 



for i = 1, . . . , d, 



where ^ = ( and 60, fei G C are arbitrary. Solving these recurrence equations we find 

'^^• = (T) [nii^i -(■?■- fori = o,...,d + i, 

\"^ = ^(T) [S^i + (i-3)bo] fori = 0,...,d+l, 
where bo, bi & C are arbitrary. So every formal germ of the form 

F{z, w) = {p{-z^ + zw) + O3, (1 - p){zw - w'^) + O3) 
with p 7^ 0, 1 has a unique infinite order normal form 

/ d 
G{z, w) = I p{—z^ + zw) + z— [ip{z + w) + tpiz + w)] — ip{z + w), 

p-1 



(1 — p){zw — w ) + 



d_ 



[^p{z + w) — ip{z + w)~\ — 3(p{z + w) + 2ip{z + w) 



where ip, 4> E C|C] are power series of order at least 3. 
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• Case (3pT-i). 

In this case we have 



and 



L{ud,j) = {r- l)w<i+i,j + "^pud+ij+i + {p- '^-)vd+i,j 



L{vd,j) = (r - l)ud+i,j+i + 2TVd+i,j + {p- l)vd+i,j+i 

for all d > 2 and j = 0, . . . , d. As before, we have a few subcases to consider. 
Assume first p = t = 1. Then 



ImL|^d = Spaji{ud+i,i, . . . ,Ud+i,d+i,Vd+i,o, ■ ■ ■ ,Vd+i,d) ; 



hence 



(ImLl^d)-^ = Span{ud+i,o,Vd+i,d+i) , 
It then follows that every formal germ of the form 

F{z, w) = {-z^ + O3, -w^ + O3) 

has a unique infinite order normal form 

G{z, w) = (-z^ + ip{w), -w'^ + il^iz)) , 

where if, ip G C|C] are power series of order at least 3. 

Assume now p 7^ 1. Then a computation shows that {lm.L\y^d)^ is given by homogeneous 
maps of the form 

d+l 

J2{ajUd+i,j + bjVd+i,j) 
where the coefficients aj, bj satisfy the following relations: 



for j = l,...,d, 



2r r(r - 1) r ■ , , 
: —Cj-iOj-i for J = 1, . . . , a, 



(r - l)ciai + (p- l)ci6i + 2tco5o = , 
, (r - l)coao + (p - l)co6o + 2pciOi = , 



where Cj ^ = {'^^^) and bo, bi & C are arbitrary. 
When r = 1 conditions (2.4) reduce to 



Cj+idj+i — -Cj-ibj-i 



Cj+ibj+i 



T^i^i 

p - 1 

(p-l)ci6i + 2co6o = 0, 
, (p - l)co6o + 2pciai = 



for j = 1, . . . , d, 
for j = 1, . . . , d, 



(2.4) 
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whose solution is 



d + l\l 



3 J P\'^-P 



.7-2 



d+l 



where oq, 6o € C are arbitrary. Therefore 



(IiriLl^^.)^ = Span( (w;'*+\0), ( ^^-7-^ ( -r^z + w 



bo for j = + 



for j = 0, . . . , d + 1, 



d+l 



4p \l-p J \l-p 
and thus every formal germ of the form 

F{z, w) = {-pz^ + O3, (1 - P)zw -w^ + O3) 
with p 7^ 1 has a unique infinite order normal form 



z + w 



G{z,w)=(-pz' + ip{w) + ^^^-^^ 



2 \ 2/^2 

z + w \ , (1 — p)zw — w + I ~^ z + w 



1-p 



1-p 



where (p, ip £ C|C] are arbitrary power series of order at least 3. 

The case p = 1 and r 7^ 1 is treated in the same way; we get that every formal germ of 

form 

F{z, w) = (-^2 + (1 - t)zw + O3, -Tw'^ + O3) 
with r 7^ 1 has a unique infinite order normal form 

G{z, w) = I —z^ + (1 ~ t)zw + "01 — 2 — ^ + '"^ ) ' ""T"^^ + ¥'(-2^) H ^ '0 ( — 2 — ^ ^ 

where (p, tp & are power scries of order at least 3. 

Finally assume p, r 7^ 1 (and p + t 1). Solving the recurrence equations (2.4) we find 



"^Vp^p + ^ - 1) V i 



d+l 



for j = 0, . . . , d + 1, where a/ P''"(p + r — 1) is any square root of pT{p + r — 1), and 
_ ^ypT{p + T- 1) - pr _ y^pT{p + T- 1) + pr 



p(p-l) 

Moreover, from (2.4) we also get 



n 



Pip -I) 



2pVp^(p + T-l)\ 3 



d + l 



P(p-l) 



+ (p^Kprr' - <r) + Vpr{p + r-l){m^-^ + n^p-^))bo 
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again for j = 0, . . . ,d+ 1. It follows that the unique infinite order normal form of a formal germ of 
the form 

F{z, w) = {-pz^ + (1 - t)zw + O3, (1 - p)zw - TV? + O3) 



with /}, r 7^ 0, 1 and p + r 7^ 1, is 



G{z, w) = ( -pz^ + (1 - t)zw + - 



y/p + T-l + ^ 



H 'P{np,TZ + w) 



m 



-tpinip^rZ + w) 



n 



-■^{Up^rZ + w) 



(1 — p)zW — Tw"^ + 



+ r - 1 + 



(p{mp^rZ + u;) 



H ^ <f{np,rZ + w) 



+ il){mp^rZ + w)- '^{rip^rZ + w)j , 

where the square roots of pr and of p + r — 1 are chosen so that their product is equal to the 
previously chosen square root of pr(p + T — 1), and (p, tp & C|C] are power series of order at least 3. 

3. Germs tangent to the identity 

In this section we shall assume n = p = 2 and A = /, that is wc shall be interested in 2-dimensional 
germs tangent to the identity of order 2. We shall keep using the notations introduced in the 
previous section. It should be recall that in his monumental work [El] (see [E2] for a survey) Ecalle 
studied the formal classification of germs tangent to the identity in dimension n, giving a complete 
set of formal invariants for germs satisfying a generic condition: the existence of at least one 
non-degenerate characteristic direction (an eigenradius, in Ecalle's terminology). A characteristic 
direction of a germ tangent to the identity F is a non-zero direction v such that Ff^iv) = \v for 
some A G C, where is the first (nonlinear) non- vanishing term in the homogeneous expansion 
of F. The characteristic direction v is degenerate if A = 0. 

For this reason, we decided to discuss here the cases without non-degenerate characteristic 
directions, that is the cases (loo); (lio) and (2ooi), that cannot be dealt with Ecalle's methods. 
Furthermore, we shall also study the somewhat special case (00), where all directions are char- 
acteristic; and we shall examine in detail case (2iop), where interesting second-order resonance 
phenomena appear. 

When A = / the operator L = Lp^ \ is given by 

L{H) = 3ajc{H) ■ F2 - Jac(F2) • H . 

In particular, L(i^2) = O always; therefore we cannot apply Proposition 1.7 (nor other similar 
conditions stated in [WZP2]), and we shall compute the second order normal form only. 

• Case (00). 

In this case we have 



L{ud,j) = {d- 2)ud+i,j+i - Vd+i,j and L{vd,j) = {d - l)vd+i,j+i 
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for all d > 2 and j = 0, . . . ,d. Therefore 

ImLl d = I Span(ud+i,2, • • . ,Ud+i,d+i, {d - 2)ud+i,i - Vd+i,o,Vd+i,i, ■ ■ ■ ,Vd+i,d+i) for d>2, 
l^'' \Span(i;3,o,---,^^3,3) for d = 2. 



Thus 



dm LI A-i- = i^P^'^^^d+i,o,{d+'^)ud+i,i + {d-2)vd+i,o) for d > 2, 
Iw^) I Span(u3,o, . . . ,^3,3) ford = 2. 



It then follows that every formal power series of the form 

F{z, w) = {z + z'^ + O3, W + ZW + O3) 
has as second order normal form 

G{z, = (z + + a^z^ + aiz'^w + a2zup + (p{w) + zil/{w), zw + wij/ {w) — ?>iIj{w)^ 

where 99 G C|C] is a power series of order at least 3, £ is a power series of order at least 4 
and ao, ai, 02 G C. 

• Case (loo)- 

In this case we have 

L{ud^j) = (j - d)ud+i,j+2 + 2vd+i,j+i and L{vd,j) = {j - d)vd+i,j+2 
for all d > 2 and j = 0, . . . , d. Therefore 

ImL|^d = Span (2i;d+i,i - d'Ud+i,2, ■Ud+1,3, • • • , ^^d+i.d+i, ""^+1,2, • • .,Vd+i,d+i) , 

and thus 

(ImL|^d)"^ = Span{ud+i,o,Ud+i,i,Vd+i,o,Ud+i,2 + Vd+1,1) ■ 
It then follows that every formal power series of the form 

F{z,w) = {z + 03,w-z'^ + 03) 

has as second order normal form 

G{z,w) = (^z + w(pi{w) + z(p2{w) + z'^il>{w),w — + wifsi^w) + zwil>{w)^ , 

where ifii, tp2, ^3 & are power series of order at least 2, and ip G C[C] is a power series of order 
at least 1. 

• Case (lio)- 

In this case we have 

Hudj) = (2 - d)ud+ij+i - (d - j>d+ij+2 + 2vd+ij+i + Vd+i,j 

and 

H^dj) = (1 - d)vd+i,j+i - (d - j)vd+i,j+2 
for all d > 2 and j = 0, . . . , d. Therefore 

ImLl d = I ^P^"((^ ~ d)ud+i,i +Vd+i,o,Ud+i,2,-- . ,Ud+i,d+i,Vd+i,i, ■ ■ ■ ,Vd+i,d+i) for d > 2, 
'^"^ \ Span (i;3,o - 2^3,2, M3,3,^^3,i,'y3,2,f3,3) for d = 2, 

and thus 

flmLl ^)-L = / Span(«d+i,o, (d+ l)ttd+i,i + (d - 2)?;d+i,o) for d > 2, 
''^'''^ \ Span (143^0,^X3^1,3^3,2 + 2t;3^o) for d = 2. 

It then follows that every formal power series of the form 

F{z, w) = {z- z'^ + 03,W - Z^ - ZW + O3) 

has as second order normal form 

G(z, w) = [z — z^ + ip{w) + aiznP' + 3a2Z^tf + ztp'{w),w — z^ — zw + 2a2W"^ + wtp'iw) — 3ip{w)) , 

where (p G C[C] is a power series of order at least S, ip e C|C] is a power series of order at least 4, 
and oi, 02 G C. 
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• Case (2ooi)- 

In this case we have 



L{vd,j) = {d- j -\)vd+i,j+i 



Hudj) = (d- j)ud+i,j+i - Vd+i,j and 
for all d > 2 and j = 0, . . . ,d. It follows that 

ImL|^d = Span{dud+i,i - Vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d,Vd+i,i, ■ ■ .,Vd+i,d+i) 

and hence 

(ImLl^^d)-^ = Span (tid+i.o, Ud+i,d+i, {d + l)ud+i,i + dvd+i,o) ■ 
It then follows that every formal germ of the form 

F{z, w) = {Z + 03,W + ZW + O3) 

has as second order normal form 

G{z, w) = (^z + ifi{z) + if2{'w) + z'(p'{w), zw + wil)'{w) — tp{w)) 

where (pi, (p2, ip & CfQ are power series of order at least 3. 

• Case (2iop). 

In this case we have 

L{ud,j) = {d-j-dp+2p)ud+i,j+i + {p-l)vd+i,j and L{vd,j) = {d-j -dp+p-l)vd+i,j+i (3.1) 

for all (i > 2 and j = 0, . . . ,d. Here we shall see the resonance phenomena we mentioned at the 
beginning of this section: for some values of p the dimension of the kernel of L\-^d increases, and in 
some cases we shall end up with a normal form depending on power series evaluated in monomials 
of the form z^~'^w°'. 
Let us put 



d-j-1 
d-1 



j = 0,...,d\\{0} and Fd 



d-j 
d-2 



j = 0,...,d-l 



(we are excluding because p 7^ by assumption) , where Ed is defined for all d > 2 whereas Fd is 
defined for all d > 3, and set 



£= \jEd = {{o,i]nq)ui-- 

d>2 ^ ^ 



n G N* 



and 



So £ is the set of p G C* such that L{vd,j) = for some d>2 and < j < d, while T is the set of 
p e C* such that L{ud,j) = {p — ^)vd+i,j for some d>3 and < j < d — 1. 

Let us first discuss the non-resonant case, when p ^ £ U J^. Then none of the coefficients in 
(3.1) vanishes, and thus 



ImL|^2 = Span(2u3,i + (p - 1)^^3,0, ""3,2, ?^3,i, '"3,2, ^^3,3) 
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and 

ImLl^d = Span {{d - dp + 2p)ud+i,i + {p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d+i,Vd+i,i, ■ ■ .,Vd+i,d+i) , 
for d > 3, and hence 

/J Y\ \± - j ^P^'^('^d+i,o,{^- p){d+l)ud+i,i + id{l- p) + 2p)vd+i,o) iord>S, 
[imi.\^a) |span(n3,o,U3,3,3(l-pK,i + 2i;3,o) for d = 2. 

It then fohows that every formal germ of the form 

F{z, w) = {z - pz'^ + 03,w + [1 - p)zw + O3) 

with p ^ EV^T (and p / 0) has as second order normal form 

G{z, vS) = {z- pz^ + az^ + i^{vS) + (1 - p)zip'{w),w + (1 - p)zw + (1 - p)wip'{w) + (3p - 1)iIj{z)) , 

where tp, ip G C|Cj are power series of order at least 3, and a 6 C. 

Assume now p ^ F\£. Then L{yd,j) 7^ O always, and thus Vd+i,j € ImL|^d for all d > 2 and 
all j = 1, . . . , (i + 1. Since p > 1, if d > 2 it also follows that Ud+i,j+i G ImL|-j^d for j = 1, . . . , d. 

Now, if p = 1 + (1/n) then 

d , , , 

d = 2(n + l) , 



d-2 " 
and 

^ = p ^ d = n + 2. 
Taking care of the case d = 2 separately, we then have 
ImL|^d 

Span ((d - dp + 2p)ud+i,i + (p - l)t'd+i,o, ^td+i,2, • • • , -Ud+i.d+i, ■"d+i,!, • • • , Vd+i,d+i) 

for d > 3, d 7^ ra + 2, 2(n + 1), 
= < Span('Ud+i,i + (p- l)?;d+i,o,'"d+i,3, • • • , ■?id+i,d+i, ■"d+i,!, • • •,'"^+1,^+1) for d = n + 2, 

Span(nrf+i,2, • • ■ ,Ud+i4+i,Vd+i,o, ■ ■ . ,Vd+i,d+i) for d = 2(n + 1), 

I Span(2M3,i + (p- l)^^3,o,^^3,2,^^3,l,^^3,2,^^3,3) for d = 2, 

and hence 

(ImLl-^d)-^ 

{Span {ud+1,0, (1 - p)(d + l)ud+i,i + (d(l - p) + 2p)?;d+i,o) for d > 3, d 7^ n + 2, 2(n + 1), 

Span {ud+1,0, Ud+1,2, (1 - p)((i + + Vd+1,0) for d = n + 2, 

Span{ud+i,o,Ud+i,i) ford = 2(n + l). 

Span (?X3,o, tf3,3, 3(1 - p)?X3,i + 2t>3,o) for d = 2. 

It then follows that every formal germ of the form 

F{z,w) = (z - (l + ^j / + 03,w- ^zw + Oi 
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with n G N* has as second order normal form 

G{z, w) = (^- (^ + ^ j + ip{w) + (1 - p)zi;'{w) + aoz^ + ai2;^w"+\ 

w zw + (1 — p)wil>'{w) + (3p — l)V'(w)^ , 

where ip, ip € C|C] are power series of order at least 3, and oq, ai G C. 

If instead p = 1 + (2/m) with m odd (if m is even we are again in the previous case) then 

d 

d = m + 2 , 



d-2 



whereas 7^ p always. Hence 
Im L\y^d 

( Span {{d -dp + 2p)ud+i,i + {p - 1)^^^+1,0, Ud+1,2, ■ ■ Ud+i,d+i,Vd+i,i, • • • , Vd+i,d+i) 

for d > 3, d / m + 2, 

Span {ud+1,2, • • • , Ud+i,d+i,Vd+i,o, • • • , ■yd+i,d+i) for d = m + 2, 

I Span(2u3,i + {p - l)^^3,o, ^^3,2, -ys.n ^3,2, 1's.s) for d = 2, 

and thus 

{Span {ud+1,0, (1 - p){d + + {d-dp + 2p)vd+i,o) for d > 3, d 7^ m + 2, 

Span(ud+i,o,'"(i+i,i) for d = m + 2, 

Span (^3,0, ^i3,3, 3(1 - p)us,i + 2vs^o) for d = 2. 

It then follows that every formal germ of the form 

F{Z,W) = (z - (1 + — ] z'^ + 03,W- —ZW + O3 

\ \ m / m 
with m G N* odd has as second order normal form 

G{z, w) = (^z- (1 + ^ z^ + ip{w) + aoz^ + (1 - p)z{wil;'{w) + tp{w)), 

2 \ 

w zw + (1 — p)w'^ip'{w) + 2pwip{w) j , 

where G C|C| is a power series of order at least 3, V £ CIQ is a power series of order at least 2, 
and ao G C. 

Now let us consider the case p = —l/n^£\F. In this case the coefficients in the expression 
of L{udj) are always different from zero (with the exception of d = j = 2), whereas 

d — j — dp + p— 1 = j = d = n + 1 . 

It follows that 
ImL|^d 

Span ((d -dp + 2p)ud+i,i + ip- 1)^^+1,0, Ud+1,2, • • • , Ud+i,d+i,Vd+i,i, Vd+i,d+i) 

for d > 3, d 7^ n + 1, 

= ^ Span ((d - dp + 2p)ud+i,i + {p - l)vd+i,o, Ud+1,2, Ud+i,d+i,Vd+i,i, Vd+i,d) 

for d = n + 1, 

Span(2n3,i + {p- 1)^^3,0, ^^3,2, 'y3,n ^3,2, ■"3,3) for d = 2, 
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and thus 
(ImL|-^d)^ 

' Span (^^+1,0, (1 - p){d + + {d - dp + 2p)vd+i,o) for d > 3, d 7^ n + 1, 

= < Span {ud+1,0, Vd+i,d+i, (1 - p){d + l)ud+i,i + {d-dp + 2p)vd+i,o) for d = n + 1, 
^ Span {u3^o, n3,3, 3(1 - p)u3,i + 2v3^o) for d = 2. 

It then fohows that every formal germ of the form 

F{z,w) = ( z + -z'^ + 03,w+ (l + -]zw + Oi 
\ n \ nj 

with n G N* has as second order normal form 

G(z, w) = ( z + -z^ + (p{w) + aoz^ + (1 - p)z(wilj'(w) + t/jiw)), 
\ n 

w+ ^1 + -^ ZW + il^{z) + aiz"+^ + (1 - p)w'^ik'{w) + 2pwilj{w)^ , 

where ip G C|C] is a power series of order at least 3, ^ G C[C] is a power series of order at least 2, 

and ao, oi G C. 

Let us now discuss the extreme case p = 1. It is clear that 

ImL|^d = Span{ud+i,i,Ud+i,2,y'd+i,4, ■ ■ ■ ,Ud+i,d+i,Vd+i,2, ■ ■ ■ ,Vd+i,d+i) , 

and hence 

(ImL|-^d)-^ = Span{ud+i,o,Ud+i,3,Vd+i,o,Vd+i,i) , 
It then follows that every formal germ of the form 

F{Z,W) = {z- Z^ + 03,W + 03) 

has as second order normal form 

G{z,w) = [z - z^ + (pi{w) + z^ip{w),w + (p2{w) + zip3{w)) , 

where ipi, ip2 & C|C] are power series of order at least 3, (^3 G C|(^] is a power series of order at 
least 2, and -0 G C[C] is a power series. 

We are left with the case p G (0, 1) fl Q. Write p = a/b with a, 6 G N coprime and < a < 6. 

Now 

a , , , (d— l)(b — a) 
d-j-l--(d-l) = ^ j = ^ ^; 

since a and b are coprime, this happens if and only if d = 6^ + 1 and j = {b — a)£ for some i > 1. 
Analogously, 

d-3--{d-2)=Q ^ j=d-^-^; 
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again, being a and b coprime, this happens if and only ii d = b£ + 2 and j = {b — a)£ + 2 for some 
^ > 0. It follows that 

ImL|^d 

' Span {{d - dp + 2p)ud+i,i + {p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i,d+i,Vd+i,i, ■ • .,Vd+i,d+i) 

for d > 3, d ^ 1, 2 (mod 6) 
Span(((i - dp + 2p)ud+i,i + {p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i'^a)i+2, ■ ■ ■,Ud+i,d+i, 

• • • ! Vd+l^(b^a)e+l, • • • 5 Vd+l,d+l, lUd+l,(b-a)e+2 ~ (f ~ l) '(^d+l,{b-a)e+l) 

for d = b£ + l, 

Span {{d - dp + 2p)ud+i,i + (p - l)vd+i,o,Ud+i,2, ■ ■ ■ ,Ud+i'^a)e+3, ■ ■ ■ ,^td+i,d+i, 

Vd+i,i,---,Vd+i,d+i) for d = be + 2, 

^ Span(2n3,i + {p - l)?^3,o, ^t3,2, vs.n ^3,2, 1's.s) for d = 2, 

(where the hat indicates that that term is missing from the list), and thus 

(ImL|-^d)-^ 

' Span {ud+1,0, (1 - p)ud+i,i + {d- dp + 2p)vd+i,Q) for d > 3, d ^ 1, 2 (mod 6), 

Span {ud+ifi, (1 - p)ud+i,i + {d-dp + 2p)vd+i,o, 

{b - a){ai + l)ud+i,{b-a)e+2 + a{{b - a)i + 2)vd+i,(b-a)i+i) for d = b£ + l, 
Span {ud+i,o,Ud+ijb-a)i+3, (1 - p)ud+i,i + {d - dp + 2p)vd+i,o) for d = b£ + 2, 

^ Span (n3,o, ^3,3, 3(1 - p)n3,i + 2i;3,o) for d = 2. 

It then follows that every formal germ of the form 

F{z,w) = (^Z-^Z^ + 03,W+ (l - ^) ZW + 03^ 

with a/b G (0, 1) n Q and a, b coprime, has as second order normal form 
G{z, w) 

= (^z- ^z^ + ip{w) + zVo(^''""u^") + {b- a)-^{z^wxiz''-''w'')) + (l - ^) ziwi^'iw) + i^iw)) , 



w+(l — — ]zw + a 



^ {z^wxiz'^-'^w'^)) + (l - ^) w^i^'iw) + 2^wi;{w) ) , 



where C[(^] are power series of order at least 3, and (/pq, X € are power series of order 

at least 1. 
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